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It is my honor to give a presentation at the first JCH HEP School. Whereas the previous lecture
addressed the overview of dark matter and its indirect detection, this lecture aims to provide basic
knowledge on direct dark matter detection. In addition, we will briefly introduce Light Dark Matter,
which has been a subject of active research in direct detection, and discuss how the features of direct

detection depend on the dark matter mass.

I. DARK MATTER DIRECT DETECTION:
DARK MATTER WIND

In the standard picture of cold, non-relativistic dark
matter (DM) in the Milky Way halo, the phase-space
distribution is approximately stationary in the Galactic
frame. Consequently, as the Earth moves through the
halo, a relative velocity develops between the Earth and
the DM population, giving rise to a “DM wind” whose
mean direction is opposite to the Earth’s motion. We
decompose the Earth’s total velocity as

Viot = Ve + Vg + Ve rev + Ve rot (1)

where v, denotes the Galactic rotation velocity at the
solar radius, vy is the Sun’s peculiar velocity with re-
spect to the local standard of rest, ve ey is the Earth’s
orbital (revolution) velocity about the Sun, and ve yot, is
the Earth’s rotational velocity about its spin axis. The
mean DM-wind velocity in the Galactic frame is therefore

VDM = —Viot (2)

A. Galactic Rotation v,

ve = vl (3)

Here, g, denotes the direction of Galactic rotation in
the Galactic frame, and v. is the local circular speed,
approximately 220 km/s with 10% statistical error.

B. Sun’s Peculiar Velocity v

The Sun’s peculiar velocity in the LSR is given by

vy =Uxy + Vy, + W2z, (4)

and

(UV.W)o = (IL1F45, 12204047, 7.25°037) fan/s
(5)

C. Earth Revolution ve rev

The Earth revolves around the Sun on an elliptical or-
bit, and the orbital plane undergoes precession. There-
fore, both the time-dependent Earth—Sun geometry and
the orbital corrections must be taken into account. The
Earth’s orbital velocity is given by

Verev = Ug (cos Bz [sin(L — Ay) +esin(L + g — Az)] X4
+ cos By [sin(L — A\y) —esin(L + g — \y)] ¥4
+ cos B, [sin(L — \,) —esin(L + g — ;)] ig)
(6)

Here, vg = 29.79 km/s denotes the Earth’s revolution
speed, e = 0.0167023 is the orbital ellipticity, and (85,42,
Az,y,z) Tepresent the ecliptic latitude and longitude. The
mean longitude L. and mean anomaly g are given by

L =279°.344 + 0.9856474 d
g = 356°.154 + 0.9856003 d (7)

The quantity d is the fractional day number measured
from 0 UT on December 31, 2014, defined as

i . UT
d = [365.25 Y]+ [30.61 (M +1)] + D+ - ~ 736041 (8)

Here, [-] denotes the floor operation. For M < 2, we
take}}:Y—land]\;[:M—i—H,WhileforM>27 we
use Y =Y and M = M.

The ecliptic latitude and longitude are obtained from

(Ba, Ax) = (5°.538,267°.050) + (0°.013,1°.397) T
(By, Ay) = (—59°.574,347°.546) + (0°.002,1°.375) T
(B2, \2) = (29°.811,180°.234) + (0°.001,1°.404) T (9)

Finally, the parameter T = d/36525 specifies the num-
ber of Julian centuries, which is used to correct for the
precession of the equinox.



D. Earth Rotation v ot

The Earth’s rotational velocity is given by

—Ug ot COS Aap W (10)

Ve, rot =

eq

Here, v ;o1

denotes the rotational speed at the Earth’s

equator, \jap, is the latitude of the laboratory, and w rep-
resents the westward direction in the laboratory frame.

The transformation from the laboratory frame to the
Galactic frame is expressed as

_ _.eq - 0 Vo - 0\ -0 0 \»
Verot = ~Ve rot COS Alab {(am sintp,, — ay costy,y,) Xg + (by sintyy, — by costi,y) ¥g + (cusinty,, — ¢y costi,y,) zg] (11)

where a;, b;, ¢; are elements of transformation matrix
from Galactic frame to the equatorial frame.

Here, tloab = GMST + longitude denotes the local side-
real time, incorporating both the longitude of the labo-
ratory and the time of observation.

E. Dark Matter Wind Velocity

From Egs. (1), (3), (4), (6), and (11), the Earth’s
velocity in the Galactic reference frame, vy, is given by

Viot = (U + vg cos By [sin(L — ;) + esin(L + g — Az)] — v 50 €OS Alab (@ sin tihp — @y cos t?ab))fcg

+ (UC +V 4+ vg cos By [sin(L — \,) —esin(L + g — Ay)] — Ugflmt €OS Alab (bz sin t?ab — by cos t?ab))yg

+ (W +vg cos B, [sin(L — \,) — esin(L + g — X,)] — 5%, cos Miab (¢ sintly, — ¢, cos t?ab))ig (12)

According to Eq. (2), the dark matter velocity in the
J

e,ro

Galactic frame is then expressed as

VDM = — (U + vg cos By [sin(L — Ag) + esin(L + g — Ay)] — vg 301 €O Alab (@ sin t, — @y COS t?ab))f(g

- (VC + V + vg cos By [sin(L — \) — esin(L + g — Ay)] — vebo; €08 Alap (by sin tiyy, — by cos t?ab))yg

_ (W + vg cos B, [sin(L — ;) — esin(L 4 g — A.)] — vgky; €08 Alab (Cq Sin 1), — ¢y cos t?ab))ig (13)

Since direct detection experiments are conducted on
the Earth, the Galactic-frame velocity must be trans-
formed into the laboratory frame to obtain the DM veloc-
ity at a specific location and time. For the computational
procedure of this transformation, see Ref [1]. Through
this procedure, the DM wind acquires an annual mod-
ulation due to the Earth’s revolution, reaching a speed
of about 250 km/s in June and about 220 km/s in De-
cember. In addition, the Earth’s rotation induces a daily
modulation of order 0.5 km/s, whose amplitude depends
on the latitude of the laboratory.

F. Dark Matter Velocity Distribution f(v)

We have obtained the DM wind velocity. However,
in practice the DM has a truncated Maxwellian velocity
distribution in the lab frame, cut off at the escape velocity
with respect to the laboratory-frame DM speed v, given

G(Uesc -
(14)

‘V - Vwind(t)D .



The escape velocity vesc is taken to be 500-600 km/s,
and the normalization factor N(vg) is
ngC
p v%

2 v
N _ 3 /2 3 f Vesc _ esc
(vo) = m°/%vg |er o 77 v ex

II. WIMPS DIRECT DETECTION :
NUCLEAR SCATTERING

Direct detection experiments aim to observe the in-
teraction of Galactic dark matter particles with target
materials in laboratory. The DM wind causes dark mat-
ter particles to scatter off nuclear in the detector with an
extremely low probability, producing measurable recoil
signals.

First, we consider direct detection searches for weakly
interacting massive particles (WIMPs), dark matter can-
didates with masses above a few GeV.

A. Kinematics of Nuclear Recoil

x(p) x(®")

N(k=0) N(g=p-1p')

FIG. 1. Scattering of DM on nucleus N.

In the case of elastic scattering between a dark matter
particle and a nucleus, as illustrated in Fig. 1, the initial
energy is given by

p2

E;, =
2m,,

p=m,V (16)

If the momentum transfer is denoted by q = p — p/,
the final energy becomes

N2 2
E (P-q) o

- 2m,, 2mpy

(17)

Defining cosf = p - q, the conservation of energy leads
to the relation

0 2
Ipllalcost g (18)
mX QIU’XN
mymn

where pyn = is the reduced mass of the

my+my
DM-nuclear system.
The maximum momentum transfer is therefore

_ 2:uxN |p‘

X

|q|max = 2.UXN v (19)

where v = ~ 1073 represents the typical DM veloc-
ity. For WIMP-nuclear scattering, one finds pyn ~
10-100 GeV and |q|max =~ 20-200 MeV. This corre-
sponds to a characteristic length scale of 1/|q| ~ 1-10 fm,
comparable to the nuclear radius (~ 5 fm), indicating
that the scattering is coherent.

The corresponding maximum nuclear recoil energy is
given by

2mN my

~ 20-200 keV (20)

In what follows, we derive the differential cross section
for DM-nucleus scattering and, by integrating it over the
dark matter velocity distribution, obtain the differential
recoil rate.

B. Calculate Matrix Elements :
Mapping the interaction high scale to low scale

As discussed above, for spin-independent interactions
mediated by heavy particles such as the Z or Higgs bo-
son, WIMP scattering is coherent over the whole nucleus.
Although these mediators lie at the electroweak scale,
Mmea ~ 10? GeV, the typical nuclear recoil energy from
Eq.(20) is only E®R® ~ 1075-1071GeV, i.e. lower by
about six to seven orders of magnitude. Since ¢? < m2,_4
in this regime, the mediator can be integrated out and
the interaction is well described by a contact effective
field theory. Omne first matches the heavy-mediator
theory onto DM—quark operators at the high scale and
then runs and matches these onto DM—nucleon operators
at the hadronic scale, which form the starting point
for the nuclear response and direct-detection observables.

Let us consider the interaction of fermionic DM medi-
ated by weak-scale particles, i.e. the WIMP case. Below
the weak scale, ~ mz, the DM—quark interaction, i.e.
the ’effective’ Lagrangian, can be written in terms of the
following dimension-6 operators as



Ca

2

_Cv v
Lo = — X" X)(@vuq) + mZ

Z

Here C; are Wilson coefficients determined by the un-
derlying couplings, and v denotes the Higgs vacuum ex-
pectation value.

The first term arises from the vector coupling of the Z
boson in DM—quark scattering. Since y* is the Lorentz
vector current, xy*x and gv,q represent the DM and
quark vector currents, respectively; this leads to a spin-
independent interaction. The factor ﬁ reflects the
mediator-mass suppression. This is the interaction most
commonly probed in direct-detection experiments.

The second term is induced by the axial-vector com-
ponent of the Z boson. Because v° selects the spin (more
precisely, the chirality) structure, the operator

CA (0 @) (22)
my

corresponds to a spin-dependent interaction. Such cou-
plings are relevant for target nuclei with nonzero spin
(e.g. 19F,129Xe).

The third term corresponds to a scalar coupling medi-
ated by Higgs exchange.

Oy (o) @) (23)

p)
M,

Where yx and gq are the DM and quark scalar

where ¢ = p—p’ = k' — k is the momentum transfer, n
denotes a nucleon (proton p or neutron n), and we neglect
isospin-breaking differences in the couplings. Since dark
matter is cold, we may take ¢> — 0. In this limit, the
form factor F{™(0) measures the quark content inside the
nucleon.

FiP(0)=2  F'P(0)=1 F7(0)=0 (25)

The second form factor F3"(0) encodes the contri-
bution of the quark flavor to the anomalous magnetic
moment of the nucleon, but in direct detection one has

q" /m,, < 1, so the second term can be neglected.

We now apply the non-relativistic limit to the nucleon

(X"

YX)(@7°a) + (xx)(@q) + --.

h

densities.  This interaction is spin-independent and
becomes important in models where Higgs exchange
dominates.

We now run Eq. (21) down to the QCD scale. At this
stage, loop corrections induce operator mixing, so the
Wilson coefficients C; can be modified. For example,
suppose that at the high scale we have a scalar operator
of the form (Yx)(qq) as in Eq. (21). In the actual
DM-—quark interaction, heavy quarks such as c¢,b,t do not
couple to DM at tree level. However, through QCD loop
effects a gluon can mediate the interaction between DM
and these heavy quarks, which in turn generates an oper-
ator of the form (xx) Gf,, G*".. As a result, the Wilson
coefficients C; are shifted by the loop-induced mixing. In
this lecture, we take C; to be the values at the QCD scale.

Next step is matching the quark-level operators onto
nucleon operators. This is done using nucleon matrix
elements of the partonic operators; see Refs [2}5] for
details.

1. Spin Independent Scattering
For the vector current of light quarks (u,d,s), we can
write
i
@)+ 5 F" (@) 0"y | un(k) (24)

n

operators. Since we want to approximate the Lorentz-
invariant expression in Eq. (24) by a non-relativistic one,
we must work with Galilean-invariant operators rather
than Lorentz-covariant ones. In this case, the set of al-
lowed operators reduces to

1 (scalar)

a=p-p =k -k,
q
2htxn

(3-vectors)

1
Viel = Vrel —

wn

(pseudovectors)

92]
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where vyl = Vy,; — V4, and satisfies vrlel -q = 0.
Vy,i» Vn,i are the initial velocities of the DM and the
nucleon, respectively.

To apply this to Eq. (24), we separate @, (k")y" u, (k)
into its scalar part @, (k')yun(k) and 3-vector part
U (K" )y un (k).

The Dirac spinor can be written as

&s
u(k) =V EL+m o-k (27)
Eom s
ke

where £ is a two-component Pauli spinor and F, =
vVm2 + k2 ~ m +k?/(2m). In the nonrelativistic limit
(|k|/m < 1), we have E; + m ~ 2m, so

u(k) = Vam (agk 53) (28)

2m
T ’
) = uliy'n" = (Vamel . vam 2 )
(29)

First consider the scalar part. Using

(30)
we obtain

a(k )7y u(k) = w(k)u(k)

| o [ VT,
N(@g@f”k)( o

om \/%C;kfs> (31)
m

In the nonrelativistic limit |k|/m.,, |K'|/m, < 1,

@ (K')7un (k) = 2m €LE.. (32)
Next, for the 3-vector component we use
i 0 O'i
T (33)
and find
a(k")y u(k) (34)

V2mé,

T ’
_ 1 é_s,O"k 0 o' .
- (Ve Ve (5 0)(@"2 3
m

Using the Pauli identity o'c? = 6 4 i¢¥/*g¥*  this be-
comes

a(k )y ulk) = € [(F + k) —ie " Pat]e,  (35)

Axial charges Ay

Nucleon AT Al A7
Neutron —0.46(4) 0.80(3) —0.12(8)
Proton 0.80(3) —0.46(4) ~0.12(8)

TABLE 1. Axial charges for nucleons. Values are shown for
both neutron and proton states.

In the nonrelativistic limit |k|/m,,, |k'|/m, < 1, these
spatial terms are suppressed and can be neglected.

Thus
ﬂn(k/)’y”un(k) = ﬂn(k/)'youn(k) =2my, 52/55

Applying the same reduction to xy*y, the matrix ele-
ment for vector exchange takes the form

(36)

12Cy
M= = maum (660 (616) (37)
mz
i.e. it factorizes into DM and nucleon spinors. The

operator xx gq yields the same structure up to an
overall coefficient. Such scattering is referred to as
spin-independent scattering.

2. Spin Dependent Scattering

The vector current for light quarks (u, d, s) can likewise
be written as

(n(K') | @v"7°q | n(k))

_ n 1 n
= 0nl) [F3 (@) #9" + o B 27 )

(38)

The ¢ — 0 limits of these form factors are determined
from a combination of semileptonic decays, hadronic
scattering data, and lattice-QCD results. The axial
charges F{"(0) = A} are summarized in Table
This pseudovector current is the main source of spin-
dependent scattering.

As in the spin-independent case, we keep only the
leading term, A @y, (K" )y*y"uy, (k). This can be decom-
posed into the pseudo-scalar part a,(k')y°v%u, (k) and
the pseudo-vector part i, (k’)y*v>u,(k). The pseudo-
scalar piece is proportional to q - S,, and vanishes in the
non-relativistic limit, so we retain only the pseudo-vector
part. The matrix element can then be written as

16 C4 mym
M= SN S, G €L SaE (39)
z
q
For spin-% fermions this may be expressed in terms of
Pauli matrices as

4C n i i
M= YR A (O €' )
q



This interaction is referred to as spin-dependent scat-
tering and is relevant for nuclei with nonzero spin, such
as 1%Xe (J = 1) or 3Cs (J = I). Its overall size
is typically much smaller than that of spin-independent

scattering.

C. Calculate Matrix Elements :
Calculate the Scattering Rate

We now apply the DM-nucleon scattering matrix ele-
ments obtained above to a specific nuclear target to com-
pute the scattering rate.

Define the nuclear form factors as follows:

(NS4 () IN)? = Fiin(a) (41)
[(N[an|N)[* = Fia.(q) (42)

To compute these form factors, a model of the inter-
actions among nucleons is required; in the nonrelativistic
limit one may use the nucleon number—density operator
nn. Using this, the mass form factor is

Flg) = [ daemioxtel) (43)

My,
— A whenq¢—0
Here p,,(x) is the nuclear mass density. For typical heavy

nuclei, the mass form factor can be approximated by the
Helm form factor as

Ny
Flg) = 1) — a0 /2 (44)
qrn
rn A 1.144AY3 fm
s~ 0.9fm

First, let us compute the scattering rate for spin-
independent scattering. From Eq. (37), performing the
spin sum for spin-1/2 fermionic nuclei and DM yields

(gj/é.t) — 17 (gl/fg) — 1, so that
2
MP = (350 (2 = ) 15)
Z

where b,, is the DM-nucleon vector coupling constant.
Using Fermi’s golden rule, the differential cross section is

‘./\/l|2 d3p/ d3q
dmympv (27)32m, (27)32m,,

do, =

(46)
by lal
= dlq|*dcos 6 cosf — 4
T |q]® dcos (cos 2ﬂxnU) (47)

Here v is the incident DM speed, cosf = q- D, and fiyn
is the reduced mass of the DM-—nucleon system. Integrat-
ing over all kinematically allowed |q| < 21,,v yields the
total cross section:

2
Hxn

- b2. (48)

On =

@m)*'s D (p+k—p — k)

We now generalize the DM-nucleon scattering cross
section to the DM-—nucleus case. Rewriting the energy in
terms of the nuclear recoil energy Fr and including the
nuclear form factor, we obtain:

_ MPPmy

d
N 202

F?(q)dcosf 6 efﬁ) 49
(g) dcos <COS Bin v (49)

dO’N On MN 2 mNER
M= PR ()0 v - 50
dEg ‘uin 202 (Q) v QM)Q(N ( )

In the second line, the squared matrix element is
replaced by the single-nucleon cross section. The ©-
function enforces the minimum incident speed required
to produce a recoil Eg.

The differential recoil rate per unit target mass and
per unit time is defined by:

dR do :
E = NT 'fLX dTRU f(V) d31} (51)
Here N7 is the number of target nuclei per unit mass,
Ny = Py /My is the DM number density, and f(v) from
eq (14) is the laboratory-frame DM velocity distribution
normalized to unity. To separate the velocity depen-
dence, we define the mean inverse speed by selecting only
DM with speed v > vy, from the speed distribution f(v)
and taking the 1/v-weighted average:

3U
g(vmin) - / de(V) @(U - vmin) 5 (52)

E
Umin = mN2 i . (53)
2u N

Finally, allowing for different DM couplings to protons
and neutrons, the recoil rate is rewritten as:

dR Px On MN (pr+bn(A—Z)
=N b A

2
F2(q) g(vmin)
dER my 24, )

(54)

where b,, is the neutron coupling and b, is the proton
coupling.
The spin-dependent cross section takes a similar form:

2
3.Ug(n n CA
32 :
= 7?‘" (Z Agaq) (56)
q

For details on the spin-dependent cross section, see [6].

III. SUB-GEV DARK MATTER :
DARK PHOTON MODEL

We have reviewed how WIMPs interact with nucleons.
Since WIMPs were proposed, numerous direct-detection



experiments have been conducted, but dark-matter sig-
nals have not been observed over large regions of the
WIMP mass parameter. Our interest has therefore ex-
tended to lighter-mass dark matter, i.e., light dark matter
(LDM).

From the previous lecture, the WIMP annihilation
cross section is

(ov) ~ QO y mi

s (57)

Therefore, when the mediator mass is my ~ 100 GeV
and the dark-matter mass satisfies m, < GeV, (ov) be-
comes too small and the dark-matter abundance becomes
too large. This is the Lee-Weinberg bound, which con-
strains the dark-matter mass to be at least at the GeV
scale.

A simple way to evade this is to consider DM with a
very small electric charge that interacts via a photon-
like mediator. Since my < m,, the LW bound can be
avoided, and the annihilation cross section is

2 N2
(o) =~ ™ Oem Q7 (58)

2
my

Taking the relic density into account, the DM mass is
then given by

Q~10"3 (%) (59)

This is called the Dark Photon model.

Besides the Dark Photon model, there exist other LDM
candidates such as axion-like particles (ALPs) and sterile
neutrinos; in what follows we focus on the Dark Photon
model.

A. Dark Photons

As discussed above, the Dark Photon model can evade
the LW bound and does not require flavor considerations.
Mixing can be used to address the relic abundance, and,
moreover, it is an attractive dark-matter candidate in
that it can be described by a simple U(1) model.

In vacuum, the dark photon portal Lagrangian is

1 1
LD = FuwF" = Vi VY (60)

+ %FH,,V‘“’ + %m%/VuV” +eAu gy + 9 Vidp

Here ¢ is the mixing parameter, Jk,, the electromagnetic
current, and J% the dark current with gauge coupling g,
Throughout, we write the electric charge as e = V4ra
with o ~ 1/137 the fine-structure constant.

_ First consider my = 0. With the field redefinition
V, =V, —€A,, we obtain (see Appendix A for the cal-
culation steps)

1 1~ -
LD-— 1(1 —eF,, F" — ZV“”VW (61)

+e A, Jhy + gx(vu +eAu)Jp

7

Redefining A, = A,/v1 — €2 removes the coefficient of
the photon kinetic term, and for |e| < 1 the overall factor
can be neglected.

The interaction terms are

Ling = € Ay Jhy + gXVMJg +egy Ay dh. (62)

The photon field A, thus couples to both the SM current
(e A, JEy) and the DM current (cg, A, J5), whereas the
dark vector VM couples only to the DM current.

Let the DM current be J55 = xv*x. Then

e Audh = QA Y Q=2 (63)

That is, the effective charge @ of DM is a millicharge;
DM interacts strongly with the dark photon and only
very weakly with the photon. ~

Now consider my # 0. Redefining A, = A, —eV), and
rearranging Eq. (60) similarly, the kinetic mixing term is
removed and we obtain

£o- 3B -t -ev? (64
+ %m\Q/V2 +eAuding +ee Vi + 9 Vidh

Likewise, from the term ee V,LJ]’;:LM one sees that the dark
photon couples to the SM. In the my # 0 case, the con-
straints on the relic abundance differ for my > m,, versus
my < my; see [7[8] for details.

IV. SUB-GeV DM DIRECT DETECTION :
ELECTRON SCATTERING

Let us now discuss the generalized scattering frame-
work for spin-independent dark matter, such as the Dark
Photon.

Dark matter scatters off the target material, transfer-
ring energy and exciting the target from its ground state
i) to a final state |f). The incoming and outgoing dark-
matter momentum eigenstates are |p) and |p’), respec-
tively. As in the nuclear scattering case, we take

p =myVv (65)
pP=p—q (66)

where q is the momentum transferred to the target. The
corresponding energy transfer is

wq:;mXUQ—mXQ‘;n_Xq)qu-V—ZiX (67)
This implies the kinematic limit
e
wg < qUmax — Sy (68)

Using Fermi’s golden rule, the scattering rate for a DM
particle with velocity v is

3 - 2
r<v>—/(§7§3;\<p/,f|6ﬂ|p,i>i o (B — Fr — wy)

(69)



where 0H is the interaction Hamiltonian. It is given by

1

'l SH Ip) = %/dgm e I*Y(x) = v g(—q) (70)

where V is the total spatial volume, V(x) is the effective
J

scattering potential felt by the DM, and V is its Fourier
transform.

For spin-independent coupling, the potential is

V(x) = /d%' [np(x’) Vp(x = X') + np(X') Vi (x — X') + ne(x) Ve(x — x’)} , (71)

where n,,n,,n. are the proton, neutron, and electron
number densities inside the target, and V},, V,,, V. are the
corresponding scattering potentials generated by a single
particle localized at the origin.

The Fourier transform then becomes

q) Vn(q) + ﬁe(_

V(=a) = ity(—a) V(@) +iin(~ q) Ve(a)

(72)

where 7, and \N/¢ denote the Fourier transforms of ny

where Mo(q) is the vacuum scattering matrix element
for DM scattering off a constituent particle ¢ (proton,
neutron, or electron) with unit coupling. The total scat-
tering potential becomes

and Vy;, respectively. (74)
Let the in-medium couplings be f, fn, fe, and the cor-
responding vacuum values be f7, f7, fo. We write
Vot-0) = 22 M) = fol@ Mol ()
¥ This can be rewritten as
9(7(:1) _ Mxn((Z) |:fp(Q) ﬁ/p(*Q) + fn(Q)?gL(7Q) + fe(Q) ﬁe(fq):| (75)
g(_q) :Mxe(q) |:fp(q) ﬁp(_‘l)"‘fn(Q);LgL(_Q) +f€(q) ﬁe(_q)] (76)

For convenience, we will henceforth denote M,,, or
M, simply by M, and define the target form factor
Fr(q) as the quantity in square brackets, representing
the combined contributions from protons, neutrons, and
electrons:

V(—aq) = M(q) Fr(a) (77)

The DM-target cross section is then written as

2
_ o 2
or = 7:[ My (q0)|” qo = My Vo, (78)

where p, 7 is the DM-target reduced mass and v is a
reference velocity.

Since Fr is target specific, we define the dynamic

\
structure factor as
qw VZ]f\}'T W 2m 8(Ey — Ei —w).
(79)
Substituting Eqgs. (78) and (79) into (69), we obtain the

generalized scattering rate for spin-independent scatter-
ing:

rW) =73 [ G Pl Slaw)  (50)

where &, i1, denote &y, iy, O G¢, le.
Finally, the total rate is given by

_ 1 p /d3 v f (V) T(v) (81)

pT My



A. Electron Transition

We now apply the above formalism to electronic tran-
sitions.

For electron energy eigenstates with creation operators
c}, the initial state can be written as

iy = [[ c}10),
I

The energy eigenstates can be expanded in momentum
eigenstates as

40) = [ gy Dr(K) o) (59)

swor=2 (5) o

€ Iy,1

This expression can be applied to a wide range of target
systems, including atoms, crystals, superconductors, and
Dirac materials. We are now equipped to compute the
rate for DM-electron scattering that induces electronic
transitions.

To apply this framework to actual experiments, one
must determine the dynamic structure factor using solid-
state physics appropriate to each target material. Since
light dark matter requires a highly precise theoretical de-
scription of the target, density functional theory (DFT)
is commonly employed, and has been used to study ma-
terials such as Si, Nal, and graphene.

and the final state as

|f> = 632011|i>7

which corresponds to a single electron being excited from
an occupied state I; to an unoccupied state Is.
The quantity Fr(q) can be written as

_ e -

(83)

Fr(q) = 7 fie(—q) (84)
_ [ / Pr &Pk 3301/ Al 4
=70 @ (271_)3(27r) 0° (k' —k —q) ¢, k.
(85)
The dynamic structure factor is then given by
A3k . + 2
3y (20 K =) 5| & el | i) (86)
Pk 3531/ P A A ’
IE (2m)°6° (k' —k —q) {clﬁch} {012701(/} (87)

where 97 (k) is the momentum-space wavefunction. Sub-
stituting this, we obtain
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Appendix A: Calculate the Dark Photon Portal

The definitions of V,,, and F},, are as follows:

Viw =0V, —0,V,, Fu =04, —-0,4, (Al

The redefined field is

Vi=V,—cd, (= V.=V, +ed,). (A2)
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It follows that

Viw = au(f/v +edy) - QV(V;L +ed,) = V/w +eF .
(A3)

Substituting this, we have

£kin+mix = 7iF;wF'LW - %Vuuvuy + %F;wij (A4)
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