Higgs and Unitarity

The main lesson of these lecture notes is as follows.

— The role of Higgs boson is twofold; Giving mass to the gauge boson, and guaranteeing unitarity of the
theory with massive gauge boson.
— Learn what the Goldstone Equivalence theorem is and how to use it.

These points were studied by Lee, Quigg, and Thacker [3]. At that time, the authors theoretically dis-
covered that the Higgs mass (which had not yet been experimentally found) must be lower than about 1
TeVv.l This paper is also an excellent example demonstrating the practicality of the Goldstone equivalence

theorem.

Notation/Glossary

— Metric convention: 7, : (+,—, —, —)
— Feynman Rule: We use the notation where i is attached to the coupling. The final amplitude is ; M.
— Example: £ D —2¢* — —i)
— For derivative interactions involving 9, a factor of (—ip,) is attached for ingoing momentum and
(++ip,,) for outgoing momentum. (Naturally, for 9¥, it is tip*.)

— COM: Center of momentum (frame)
— dII : Phase space integral factor, roughly the product of wﬁ#)?’ terms.

1 Unitarity Bound

The amplitude M calculated in QFT represents the probability density of a given process occurring. Since
this value is related to probability, M must follow several constraints. The unitarity bound is one such
constraint, suggesting that the value of | M| cannot exceed a certain threshold. Consider a2 — 2 scattering
process. In the COM frame, any 2 — 2 scattering process can be represented on a two-dimensional plane.
Therefore the scattering process itself and its associated physical quantities have rotational invariance: the
scattering probability is invariant under rotations about the collision axis. This means that the scattering
amplitude M depends on the scattering angle 6.8 Thanks to this rotational invariance, M can be expanded
by Legendre Polynomials P;(cos ).

M(0) = 167TZaj(2j + 1) Pj(cos ) M

J=0

"Note that the paper [3] was published in 1977. At that time, even W and Z bosons had not been discovered.
2More specifically, it depends only on the Mandelstam variables s and ¢ (which corresponds to the scattering angle).



The scattering cross-section corresponding to the 2 — 2 scattering process is as follows.B

1
o= dcosOIM|* = il Z ajar (25 +1)(2k + 1)/dcos€Pj(c089)Pk(COSH)
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Now let us turn to the optical theorem. The unitarity of the scattering matrix S = 1 +i7 = 1 +
i(2m)46%(Xp)M implies the following:

1:55T 14+ —iTHY =14+4T -TH+ 77"
—i(T-T1) = L (2m)454(Sp) (M — M) = (2)8[6%(Sp)]>MM
—i(M — M) = ( )454(2p)MMT 3)

Beware that S, 7, and M in this equation are all matrices! They are related to the scattering amplitude M
via M(i — f) = (f|MJi). Therefore, Eq. (B) should be interpreted as follows:

—i((fIM]i) — (fFIMI1)*) = Y (2m)*6* (Sp) (FIMIX) (X [ M) (4)
X

Here X represents all possible final states, so the summation over X can be interpreted as a phase space
integral.

> (2m)*5* (Sp) {fIMIX) (X |Mi) — Z/dﬂx(2ﬂ)454(2p)<f!MX><X|M!’i> ®)
X

X

Now let us consider a special case: a two-particle initial state and |i) = |f), we can see that Eq. (B) is
connected to the cross-section.t

S / AL (2m) 64 (Sp)M(i = X) = 4py/5 3 / do(i = X) = dp/5010; (®)
X X
(Here p s the incident momentum in the COM frame.) Also, in this case, —i (i|(M—MT)|i) = 2Im M (i — 7).
By combining Eq. () and Eaq. (E), we get following optical theorem.
Im M(i — i) = 2p\/800t @)

Now let’s combine the partial wave decomposition and the optical theorem. Substitute Eq. (ﬂ]) into the
left side of Eq. ([?]), and Eq. (Q) into the right side after a slight modification. (Note that in the case of i — 4
scattering, the scattering angle is O, i.e., cos = 1, so P;(1) = 1.)

Im M(i — i) = 2p\/s040t > 2pV/5090 — 16#2 2j+ 1Im a; > 32#—2 25 + 1)|a;|?
7=0

Z(Qj +1) [Im aj; — 2\]/)§|aj|2] >0 (8)
=0

Now, although it is not strictly rigorous, we make two assumptions to obtain a practical equation. The
first assumption is that Im a; — 2%\%\2 > 0 holds for each j value. The second assumption is to assume

3Refer to J dcos §P;(cos 6) P (cos 0) = 2J+k1

“4Refer to the fact that do = ‘M| dH in the CM frame.




ultra-high-energy scattering. In this case, 2% — 1. The second assumption is appropriate because in any

UV-complete theory, we can increase the scattering energy infinitely, and we will handle such limits later.
Now, for each partial wave amplitude prefactor a; in ultra-high-energy scattering, the following holds:

Im a; > |a;|? (9)
This inequality forces the following:E

la;] <1 (10)

This equation is what we will importantly use later.

Let's take ¢* theory: £ = —¢(0 + m?)¢ — %@4 as an example. What is the maximum value of \? Of
course, in any interacting theory, the interaction strength (here \) must be small enough to justify doing
perturbative expansion, but setting that aside, we can see )\ are constrained by unitarity as follows:

M=X+0(\) =161 a;(2j + 1)P;(cosb) an
7=0

In the case of ¢* theory, the amplitude does not have angular dependency, so Pj = Pydo;.
A+ O(\?) = 16mag < 167 12)

Therefore, we can see that A\ < 167 must hold due to unitarity B

2 Higgs mechanism

We revisit how gauge bosons acquire mass through spontaneous symmetry breaking in this section. Es-
pecially, it is usually said that Goldstone bosons are eaten by the gauge bosons. We need to understand

what this means for further discussion.
Let’s consider the following Lagrangian. Here F),, is the gauge boson corresponding to U(1) symmetry,
and ¢ is a complex scalar particle charged under this U(1).

1 174
£ = _ZF;WFM + |Du80|2 - V(SD) (13)
Dy =8, +iqAu, V(p)=—u’lof + Mel* (14)
Let’s expand ¢ as follows:
1 _ — 2
=—@Ww+¢1+1 v=1]—— (15)

Fora; = R+,

I>R+1°>1° 5|1 > |7 = 1>

6Comments on whether we can really ignore the (’)()\2) term (especially when ) is greater than 1), and the possibility of a
negative ©(\?) term which relaxes the perturbative bound. Within 2 — 2 process, the ©(\?) correction is made by loops,
and loop-involved amplitudes are usually suppressed by a (167r2)*1 factor which outweighs 16x, and at least in ¢* theory, the
O(\?) correction is positive.



It is hard to see the Lagrangian can be expanded as follows. B iy ook seying itis essy to e - s ing)

2 02
2

£= (=P + plaorat) + (5002 -

1
; : )+ (50022) + a0,

+ (interaction terms)

As you can see, the gauge field A, has acquired a mass of gv due to the symmetry breaking of the complex
scalar. Also, a massless Goldstone boson ¢, has appeared. The problem in the Lagrangian is the mysterious
quadratic term quA,,0"¢*: this looks like mass mixing between the two fields 4,, and d¢,, and thus needs
to be removed.

This removal is achieved through gauge fixing. Specifically, let’s add the following gauge fixing term:

Lyt = — 5 (0u A — Equin)? = — 5 (0 A" + quirdyA* — LE(qu) 3 (i6)
3 28 2
1 1 1 2\v? 1 1
£t L = (R 4 laoPa2) + (5000 - 20 ) + (50002 - jetanad)
— 215(@“4#)2 —l—M—F (interaction terms) (17)

By adding the gauge fixing term, the problematic quadratic term becomes a total derivative and disappears,
and the Goldstone boson ¢, acquires a gauge dependent mass &(quv)?.

So what does 'the Goldstone boson is eaten by the gauge boson’ mean? It means we take the unitary
gauge: ¢ — oo. We indeed can do this as any physical observables are gauge independent. Within unitary
gauge, ¢, has an infinite mass and therefore cannot have any influence on the dynamics of A4, and ¢;.
In other words, we can handle the physics while ignoring it. Of course, we could choose another gauge
where ¢ is not infinite, in which case we would have to consider ¢, in the gauge field dynamics. Do we
need to choose another gauge? In fact, this is the core of the Goldstone equivalence theorem.

Some of you may have had experience expanding as ¢ = %(v + ¢1). This is an expansion that ignores ¢,
and naturally, it yields the same results as the limit where ¢, is absent: the unitary gauge.

The above discussion is identical for non-abelian theories. In the Standard Model, three Goldstone bosons
appear, and by choosing the unitary gauge where £ — oo, they disappear while acquiring infinite mass.
However, there is one major difference due to being non-abelian, which is that all particles charged under
non-abelian (such as SU(2)) fields have the same charge, i.e., the same interaction strength.

Why is this point important? If you deal with dark matter, you might have heard of things like dark photon
models. If the mass of the dark photon originates from a new dark Higgs, the dark Higgs could also act as a
portal between DM and SM. However, in many dark photon analyses, the influence of the dark Higgs is not
well considered. This can be justified by making the mass of the dark Higgs ¢, very high. That is, the VEV
v must be high enough, and the charge ¢ of the dark Higgs must be assumed to be very low (compared
to the charge of dark matter under the dark photon). However, in the case of non-abelian theory, if both
dark matter and dark Higgs are charged under the dark photon, they must have the same coupling, making
the above evasion difficult.

7 (interaction terms) = qA, (610" ¢2 — §20"61) + G AZ (2061 + 6% + 63) — Moo — Mvgig3 — 3 (8 + ¢%)?



3 WWWW Scattering

SM Lagrangian for EW and Higgs Boson

Now let’s deal with the main point of this lecture: the Standard Model. The Electroweak Lagrangian
without quarks is as follows:

1
L= —Z(Wﬁy) — ZB,ZW + (D, H)(D"H) — p>HTH — M\(H'H)? (18)

D,H = <8u — %gWﬁTi _ 29’Bu) H

For now, let’s proceed without considering Goldstone bosons. That is, we substitute H = 7 (Ugh)

The interaction Lagrangian related to the W+W— — W+W— process is as follows. [[i] B

L D igcos 0y [(0uZ, — 8,2, )W,IW, — (0, W,f — W) Z, W, + (8, W, —0,W,))Z,W,]]
+ie[(0, Ay — O, AW W, — (W, =0, W AW, + (0,W, —8,W,)AW,]

2
9 T T — Wt
+?(WM WyW, W, =W, W, W, W)

+ gmwhW W, (19)
Where
tan @, = g — oS 0y = %, sin 0, = (20)
9 Vgi+yg Vi + g7
_ G 3
Zy, _ c.os O sin 0, W Wui L(Wj - zWi) 21
A, sinf,, cosf, B, 2
gv gv mw g2+ g%
T 0n  cos Oy 2 (22)
e = gsinf, = g’ cosby, (23)

At the tree-level, the following 7 diagrams contribute to the W+W— — W+W — process.

e e

W= W~

Polarization of External Gauge Bosons

Now let’s evaluate the WW W W scattering amplitude! We must remember that external polarizations are
involved in the scattering amplitude. To obtain those polarization vectors, we need to know a little bit
about the scattering kinematics. Consider the COM frame on the zz plane. (See Figure ﬂ].)

The 4-momentum of each gauge boson is as follows.

pllt :(anaovp)a pN - (E70707 _p)7

pi =(E,psind,0,pcosb), py = (E,—psinh,0, —pcosb) (24)

8This book does not strictly consider the upper and lower positions of Lorentz indices, which is standard in tools like FeynCalc.



Figure : WW W W Scattering

The polarization vectors corresponding to each 4-momentum are as follows. (Determined by the condi-
tions E(k’) -k=0and Ez(k?) : Ej(k‘) = _5ij-)

Elf(pl) = (07 1>O>0)7 Eg(pl) = (070) 1)0)7 6%(]91) = (p7070>E)

mw
1
ET(pQ) = (07 17070)a 65@2) = (ana 170)a 65@2) = m(paov(x _E)

1
e/ll(p3) = (07C080707 7Sin0)7 Eg(p?)) = (0505 150)7 Elz(p3) = W(p,Esin@,O,ECOS 0)

¢(p) = (0, c080,0, —sin ), e(ps) = (0,0,1,0), ¢ (p) = mlw(p, —Esin,0,—F cos )
Now, you can see that momentum and energy enter into the longitudinal polarization. According to our
earlier unitarity discussion, the scattering amplitude must be below a certain value at any energy. For
longitudinal polarization, however, it seems like the strength of the amplitude will increase as the energy
gets higher. This is the point. We deal with the extremal case: The case where all external W bosons have
longitudinal polarizations.
Since we will describe the amplitude in terms of the Lorentz invariant quantity, Mandelstam variables, the

relationship between E, p, 0 and s, t is as follows.

s t 2t
E2:7p:EQ—m%V:f—m%V,0089:1+7=1+7 (25)
4 2p? s —4m3,

| use Mathematica for the substitution to Mandelstam variables.

Amplitude without Higgs - s-channel

It is time to evaluate the W W; — W W, amplitude. To emphasize the role of the Higgs, we will ignore
the Higgs for now.
One thing to note before calculating: we use implicitly the Unitary gauge here. The Z propagator in this
gauge is as follows.

_q ppy
i = v <,7/w _pbp > (26)

2 2
p? —my my

The calculation process for the s-channel amplitude mediated by the photon and Z boson is as follows.



(To skip to the answer, refer to Eq. (@).) Here, we denote €} (p;) — €3, and k = p; + po.
Mg Az = e’f‘egeg“ezy 77’“’(1?3 — )+ ke + pa)* — M (ps + k)"}

- . . bk
(ie)Q% + (ig cos Qw)2 ' (9/\7 A 7)]

s—mZ S

:770‘5(171 — )Y + 1P (k + p2)® — Y (py + k)ﬁ] (27)

Terms proportional to k., are zero for the following reason. (Also refer to k = p3 4+ ps and ¢(q) - ¢ = 0.)
(ps — pa) kx = p3 — pi =0
e es” (0" (k + pa) =¥ (ps + k)" Vhx = el (K (k + pa)!* — K" (ps + k)")
= (€3 - (k +pa))(ex- k) = (e5- k) (ex- (k +p3)) = (€5 2(pa)) (€4 - p3) — (€ - pa)(€q - (2p3)) = 0

Eq. (@) is now simplified as follows. €(q) - ¢ = 0 is used again.

2 2 2

. le cos” 6

iMaaz =i { + W} el (177 (o1 = po) + 07 (ke +p2)” = 17 (p1 + )°
— "z

€3 er” [77“ (p3 — pa)™ + 10"k + pa)* — ™ (ps + k)”}
6

[e? cos® Oy |
=i|—+ 972 Iaees [77 Plpr —p2)7 + 2077p5 — 207p 5}
| s s—m7 |
e 631 " (ps — pa)* + 20" pl 277”‘1?5}
[e? 2 cos? Oy |
=i | S+ 2 g [len - e2)(pr — p2)Y + 263 (€1 - p2) — 2] (e2 - )]
L § S—myz |
(65 €D (ps = pa)* + 2665 - pa) — 265°(€5 - )| (28)
Now, let’s substitute Lorentz invariant products like (e; - e2) as follows.
2 2
(c1-€2) = (c5 - €) = (29)
myy
2pE
(€1-p2) = (e2-p1) = (e3-pa) = (€4 -p3) = —— (30)
my
Substituting the above into Eq. (@), we get
2 2 2 2 2
e g° cos® Oy p*+ FE dpE
Ms az = [s + STn/QZ:| Iy [%V(Pl p2)’ +— —— (3 —¢€1)
2 2
p°+E 4pE ( M)
e - G
1 [e? 2 cos? 6
=—r { 4 W QW] [(p2 + E?)(p1 — p2)* + 4mwpE (6% - 6?)}
mW S S — mZ
[(p2 + E?)(ps — pa)* + dmwpE <e — eiﬁf‘)] (31

Now we use the following equations.

(p1—p2) - (p3 —p4) = —4p2 cosf

(53\ - 61\) (p3 —pa) = ( 4)‘ — €3>\) “(p1 —p2) = mcos@
4F?

(65\ - ei\) : (6*’\ - 6§>‘> = ——5—cosf
myy



Substituting into Eq. (), we obtain the following.

1 [e? 2 cos? Oy
MS,AZ = 1 |: J 2 :|
m

wolLs s—my,
8E 4FE?
X |:(p2 + E2)2(—4p2 cosf) + 4meE(1D2 + Ez)—p cosf + 16771%,‘/102]52 (—2 cos 9)]
mw mW
1 [e?  g*cos? Oy 2/ 92 242 2.9/.9 2 2 14
—4[-5-2} [—4p(p + E°)* + 32E°p*“(p —|—E)—64pE]cosH
my, | s s —m7
4 2 2 052 0
S~ [e 4 g Co8 tw ZW] P2 (p® — 3E%)2 cosh
my, | s s —myg
2 - 92 2
g sin“ 0y cos” Oy 2 12 2
Mg az = il [ P mgz} (s + 2myy)(s + 2t — dmyy) (32)

High energy limit of amplitude - part 1

Before calculating the next amplitude, let’s first look at the ultra-high-energy limit of Eq. (@). In the limit
where s > m2, — =1 (14 ™% 4

3
s—m7 s

s and ¢, which is as follows. (In particular, we focus on the terms where n + m > 0 for st™.)

4
m,
32

+ --- ). Therefore, M, a7 can be expanded as a polynomial in

2 Tsin?6y  cos?fy  cos? GWmQZ cos? HWm%
Msaz = ——— + + 3 3
dmy, | s s s s
3 2 2 4 4 6
X (8% + 257t + 8myy st — 12myy s + 8myyt — 16myy,) (33)
2 T 2 2 2
9 myy | Myymy 2 P 4 4 t
~ _477?%4/ _1 + S + &2 } <5 + 2st + 8myt — 12mW+8mWS>
9 t
R ——— <32 + m%/s + m%,VmQZ + 2st + 2miyt + Qm%[,mzzf
dmy, s

t t
+ 8miyt + 87”%1/; —12miy + 8m%V5>

2
t
Mg az = _4Tgn4 <32 + 25t + m3y (s + 10t) + m¥,(m% — 12m3y,) + 2m3(m% + Sm%,v)8> (34)
117
The leading order is (’)(32). Concerning unitarity, this is dangerous as the amplitude must remain below a

certain value regardless of the energy.

t-channel Amplitude

The calculation process for the t-channel amplitude mediated by the photon and Z boson is as follows.
(To skip to the answer, see Eq. ().)

iMiaz = efebes e 1" (p1 + p3)T + 0 (k — pa)® — " (k + p1)"]

. g—ig,\y . 9 —1 B k)\k‘,y
[(ze) — + (ig cos ) 7t—m22 <9M . )]

=07 (P2 + ) + 7 (k4 1) + 17 (p2 — 1) (35)
Again, terms proportional to kxk, are zero.
etes’” (1™ (p1 + pa)? + 07 (k —pa)® — " (k + p1)"] k,
=(e1-€3)(p1+p3) - (p1 —p3) + (€3 k) er- (k—p3) — (e1-k) e3- (b +p1)
=0+ (€5-p1) €1+ (—2p3) — (€1~ (—p3)) €3 (2p1) =0



iMiaz = e [ (p1 + ps)” + 07 (k = p3)® — 0™ (k + p1)”]

—1 —1
(ie)*— + (ig cos HW)Z] Gry
[ ¢ t—m%

eyes” [—nﬂ Y(p2 + pa)* + 0k + pa) + 0 (p2 — k)”} (36)
s a % e2 2 cos?6
= iefey 0™ (p1 +p3)” + "7 (k — p3)® — 0" (k + p1)"] [t - gw] Ay

2
t—m7y

65611/ [—ﬁﬁy(m + ) + 0" (k4 pa)? + 0 (p2 — k)”} (37)

o K

eres ™ (pr + p3)T — 20" p§ — 207 P ] gy

2 2 .2
e g*© cos® Oy

Moz = | & 4 £50W
t t—m7y

enes” [—77’3 Y(p2 + pa) + 207l + 2 p%] (38)

ro2 2 .2

e g© cos” Oy " *
=Tt ] [(e1- €5)(p1 +p3)" — 2657 (€1 - p3) — 2€] (€5 - p1)] 9y
L Z

(e D)2+ pa) + 26 (e2 1) +2(€] - )| (39)
B |:€2 g% cos? Oy

S S (e @)1+ po) — 265 (e - pa) — 26065 - )|
t t—my

(e2+ 1) (P2 + pa)* = 265 (e pa) — 263 (€5 o) (40)

Substitute other Lorentz invariant contractions.

% " p2 — E?cos6
(e1-€3) = (e2-€) = o (41)
Ep(1 —cos¥
(@ 99) = (65 0) = (2 p0) = (e ) = Z2L=280) “2)

2Ep(1 —cosf) , ,
L g - 2 )

e? n g% cos? Oy | [p? — E%cosf
miy, myy
2

— E?cosf v 2Ep(l—cosf), .\ i
|:7n%/[/(p2 +P4) - T(64 + 62)
1 Te?2  o?cos2f
=T 0 : W [(PQ — E?cos 0)(p1 + ps)* — 2mw Ep(1 — cos 0) (€5 + e?)}
my, [t t—m7y
[(p2 — E?cos0)(pa + pa)* — 2mw Ep(1 — cos 0) (e + eé\)} (43)

Substitute other Lorentz invariant contractions.

(p1+p3) - (p2 + pa) = 4E% + 2p*(1 + cos 0) (44)
2F
(14 p3) - (€5 +€2) = (02 +pa) - (5 2) = =2(3 + cos) (45)
1
(&5 +e1) (€ +e) = mT(4p2 +2E%(1 + cos0)) (46)

w



1 [e? 2cos? 6
S )
my, Lt t—m7y

[(p2 — E?cos0)*(4E% + 2p*(1 4 cos 6)) — 4my Ep(1 — cos 0)(p? — E? cosb) mE (34 cos )
w

1
+ 4miy E*p* (1 — cos 0)*> —5 (4p® + 2E°(1 + cos0))
m

w
1 2 2 29
o | T G 07 - B cos02B? + 221+ cost)
w Z

— 8E?*p*(1 — cos 0)(p* — E*cos6)(3 + cos ) + 4E*p*(1 — cos 0)? (4p* + 2E%(1 + cos9))

(47)
1 e g*cos?Ow ], 9. 9 9
= — — t=(2 t)—8 t 3t
4mi, (s — 4m¥,)? [ t t—m? ] (s (25 +1) = 8myys7t(s + 30)
+ 4miyys(28% + 21st + 20t%) — 16mSy s(5s + 14t) + 64mf, (4s + t) — 256mip) (48)

High energy limit of amplitude - part 2

Let’s consider the ultra-high-energy limit again. Note that ¢ = p?cos#. So the following expansion is
justified as |¢| will be sufficiently greater than m%v (in the ultra-high-energy limit).

1 1 m2Z m%
~op Dz M2 (49)
t—m? ¢ TR T
1 1 4m2,  16mb, > 8m2,  48md,
— s u gt —+ ] R 1+ +— (50)
(s —4mg,) s s s s s s
My az
11 1 8mW 48m g° sin GW 92 cos? Oy N g* cos? Byym?, n g cos? GWmAé
4mi;, s ¢ 2 3

(s%t%(2s +t) — 8miy s7t(s + 3t) + dmiys(2s + 21st + 20t%) — 16mfy, s(5s + 14t) + O(s, 1))

2 1 8m? 48m m? m2,m?
:—942[1 P H1+ Dw  Twhy
dmy, st t
(s2t%(25 + t) — 8miys”t(s + 3t) + dmiy (25> + 2Lst + 20t%) + O(s?, st, 1)) (51)

10



O(s?,st,t?)

As with the previous s-channel results, terms smaller than 5

8m?2 48m? m? m2,m2
MtAZN[l-F — 4+ SQW} {1+tW+ 5 Z]

are ignored.

4m4

t
(t 25+ t) — 8m (s + 3t) + dmik, <25 +21+ 20>>
S

8m? m2 48m 8m m2,m2
W w + w + w + W2 Z
t 52 st t

|:1—|—
t
S

t
~ [t(28 + 1) — 8miy (s + 3t) + 4myy, <2‘: + 21 + 20)

S

48

+m2, (i n 1) (t(25 +t) — 8my (s + 3t)) + miy ( +—+ m%v1> (t(2s + t))}

t2 8t 48t 2 %
m2+2st+mgv<—63—7t+8>+mév<12—+ LR AL
S S S mW mW

S
t) (52)

We see the amplitude is divergent with leading order of #2 in the ultra-high-energy limit. This indeed is

dangerous because of unitarity.

4-point Amplitude

Now let’s calculate the 4-point amplitude. (To skip to the answer, refer to Eq. (@).)
My = iQQE%egG?&#EZV [2gu,8.gua — Gua9pr — g,LLl/gOé,B]
My =g*[2(e1- €i)(e2- €3) — (e1- €3)(e2 - €1) — (€1 - €2) (€5 - €3)]

Lorentz invariant contractions are as follows.

2 2
(61'62)2(63‘64):p 2
myy
2 2
« " p* — E*cosf
(17 €5) = (e ) = 0
miy
2 2
* " + E<cosf
(c1€}) = (e ) = 222
myy
We get 4-point amplitude as follows.
2
My = 794 [2(})2 + E%cosh)? — (p? — E*cos6)? — (p* + EZ)Q}
m
4%
2
=9 I 5 55 (s° + 45%t + st? — dmjy, (3% + Tst) + 48myy (s + t) — 64miy)

amyy, (s — 4myy))

1

(53)
(54)

(55)

(56)

(57)

(58)



High energy limit of amplitude - part 3

As before, let’s consider the high-energy limit of the amplitude Eq. (@).

2 8m? 48m
My 2 (1 Wy W)
4dm

5 52 s 52
(s° + 4s°t + st® — dm{y (3% + Tst) + 48myy (s + t) — 64miy) (59)
2 8 2 48 4
g <1 + 0w W;W>
4 my s s
t 1
<s + 4st + 12 — 4m3,(3s + Tt) + 48miy, (1 + ) +0 ()) (60)
S S
WMy ~os® 4 dst 4+ t2 +miy, (—123 — 28t + 8s + 32t +8>
S
t t2 t t 11
+miy <48 +192- 4+ 48— — 96 — 224— + 48 + 48) +0 < ) (61)
s s s S Tt
t2
rs® 4 Ast + 12 + miy (—4s +4t + 8) +miy (16 + 482> (62)
S S S

High Energy Limit Amplitude without Higgs

At this intermediate stage, let’s calculate the sum of the three amplitudes in the high-energy limit: Eq. (@),
(2), and (62), which ignores the Higgs.2
4m§1,[,
72

Am?
:T;V(MS,AZ + My az + My)

t
R — <32 + 25t + miy (s + 10t) + mi,(m% — 12m3,) + 2mi, (m% + 8m%v)>
s

2 8  48¢2 2 2
—<t2+2st+m%,[,<—65—7t+8>+m§14,<12—+ 4+ 1z +2m228)>
S S S miy, th

t2 t2
+ 5% +4st + 2 + mjy, <—45+4t+8> + myy <16 + 48— )
S
= [—(s® + 2st) — (t* + 2st) + s* + 4st + t*]

t2 12
+miy [—(s +10t) + <63 + 7t — 8) + (—43 + 4t +8>}
S S
2 t 8t 48752 2 2 t2
+m‘¢v[—<mz—12> 2<+8> <12— LY 1 +2m§5> (16 + 48 )}
mW mW S S S myy, miy, t

4 4 2 2 2
DW=y (s + t) + miy (—2”122— mZS+t<8 2mz>>+(9<1 1) (64)
g miy th mW t

Fortunately(?), the dangerous M ~ O(s?) behavior we saw at the beginning has disappeared. The
sum of the s, t, and 4-point amplitudes exactly canceled them out. However, the amplitude still exhibits
M ~ O(s) + O(t) behavior, and thus still violates unitarity.

Physically, this corresponds to the limit where mg > s > mw,z.
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Higgs Amplitude

Now it is time to consider the final piece, the contribution to the WW W W amplitude from the Higgs.
The s- and ¢-channel amplitudes mediated by the Higgs are as follows:

. o 2.a B xp *v ! !
iMyp = (igmw) e ey 5 ) [gaﬂguvs_m% + gaugﬂ'/t_m%j
€1-€)(es - e} €1-€3)(e2 - €
— _ig?m? [( 1 €2)( 32 1) I (€1 €5)( 22 4)] (65)
s —mj t—m;,
oo [ 1 (@PHED? 1 (0P E’cosh)?
= =19 myy s —m2 ma t — m2 mi
h W h w
ig? 1 (s— Qm%V)Q 1 (st+ Qm%,vs - Sm%V)2
 om, [s—m} 4 t—mj  A(s —4miy)?
Mo — g2 (s — 2m12/V)2 (st + Qm%,vs — 8m%)2 (66)
P am2, | s —m2 (t —mi)(s — dmi,)?
W h h W

High energy limit of amplitude - part 4

The high-energy limit (s > m?) of Eq. (66) is as follows. Again, we only expand up to the s%¢° order.

4m?
_ 2WMh
g
1 2 1 2 8m?
~ L (1 + ?) (s = 2miy)? + = (1 + T?‘) (1 + ”;W> (st + 2m2s — 8m)?
t
~s 4+t 4 2mi + 8miy, - (67)
S
Divergence Cancellation due to Higgs
Now, we can show that Eq. (@) precisely cancels the divergence in Eq. (EI])!
M=M + M,
2 2 2 2
g 2 4 mz my s 1 mz
= Zml (mW“”)*mW (‘me mzﬁs<8‘2mz)>>
1% w w (1%
2
g 9 9 t 11
— t+2 8 - ol-,-
4m%,[, <S+ e, mWs) - (s t
2 2 2 2 2
g g m my, s t m t
= g2ty <‘2mzz‘ o L <8—2m2z> —83>
w w 1% w
2 2 2
m s t
N 22(1++> (68)
2miy, 2 miy, t s

As you can see, the Higgs causes the amplitude to behave as O ~ (s"t™) (where n +m = 0). In other

words, the amplitude no longer diverges even as the energy increases.

4 Lee-Quigg-Thacker Bound [3]

Now let’s apply the unitarity bound Eq. (10) to Eq. (68).
First, substitute ¢t = (s — 4m#,)(cos§ — 1) and ;1”;? = sec? 6, into Eq. (69).

2 2 2
g 9 g 2s (s —4mjiy ) (1 — cos0)
~ — A _ 69
M 2mi, " T 9 cos? B, < (s —4m3,)(1 — cos ) 2s (69)
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Here we will focus on the part where | = 0, which is independent of cos 6. To do this, we use (1—cos )~} =
1+4+cosf+---.

2 2 2
g 9 g 2s (s — 4myy,)
M~ ———— - — - + O(cos b
2m?2 mp, 2 cos? Oy, ( (s —4m2W) 2s (cos )

? 5, 3 g

_ R 70
2m‘2/V Mh T 99 cos? O mao (70)

(In this process, the O(m%,v/s) correction was also ignored.) Now, since ¢y < 1, we can see that the
following inequality holds.

1 ¢ 5 1 (g 39
— 2 mi < — | = — ] <1 71
321 mi, TS 16 <2m12/v Mt 4cos? by ) —
(The leftmost part is because % is positive.) Therefore, the following bound holds for the Higgs mass.

my, < V3212V 72)
g

Historically, when Lee, Quigg, and Thacker derived the above bound, neither the mass of the T boson
nor the value of the electroweak coupling g was known. However, their combination g/my was very well
known as the Fermi constant.d

1 2
Gp=——=-2 ~1.1166 x 10° GeV ™2 (73)
42 myy,
1 4\/§ ﬂ 47 —1/2
Tom g Crmi= - CGrmi <1 —my < | /EGF /2 ~ 1234.56 GeV (74)

5 Goldstone Equivalence Theorem

The bound given by Lee, Quigg, and Thacker was actually calculated from a superposed state of the four
particles W, Z, A, h as the initial state.

< 812

2
~1 . 75
my < 3G 008.0GeV (75)

F

This means they also calculated other scattering processes, suchas W2 — W Z.

This calculation is not for human. Because the kinematics become extremely complicated just by changing
from AA — AAto AB — AB. For instance, with ¢; - e3 = %, the moment there are two
momentum values to handle, the work becomes extremely complex. Moreover, AB — AB is not all. One
could also consider processes like WW — Z~. This means handling 3 momentum values.

Fortunately, there is a workaround called the Goldstone Equivalence theorem. Instead of proving the

Goldstone Equivalence theorem here, | would like to explain it by giving direct examples.

Lagrangian in Feynman-"t Hooft Gauge

We used the unitary gauge (¢ — oo) in the previous section. This time, instead of the unitary gauge, let’s
= _ i i _ 1 V2t

use the Feynman-"t Hooft Gauge where ¢ = 1. In this case, we must substitute H = ﬁ(v+h+z‘¢>°)' Also,

each Goldstone boson has the same mass as the gauge fields W, Z (just as the mass of the Goldstone

boson due to the gauge fixing term in the abelian case is /ém 4). (We will see this shortly.)

10Thjs value was well measured through beta decay.
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Choosing Feynman-"t Hooft Gauge does not change the form of interactions between gauge bosons.
L D igcosby[(0,2, — 8,,ZM)WJW; — (0, W,f — 8VW:)ZMW; + (0, W, — BVW;)ZMWJ]
+ie[(0, A, — 6VAM)WJW; — (O W,f — BVWJ)AMW; + (0, W, — 8VW;)A“WJ]
2
g Ll Ll _ _
+ E(WJWJWV W, = WIW W, W) + (AW, T AW, — A AW, W)
+g° cos® 0, (Z,W,f Z, W, — Z,Z, W, W,})
+ eg cos Ow(WJWV_AMZZ, + W;‘W;AHZ,, — ZWJW;A,,ZV) (76)

The interactions with the Higgs boson, however, are changed drastically. Here ¢(s),, correspond to

cos(sin)f,, and A’ and Z’ denote /g2 + ¢ A and /g2 + ¢’>Z respectively. To avoid double scripts,
| have used ¢ and ¢° interchangeably.

- !
Ly = |0,H —igWir"H — %BMH\Q + MNEHTH — N(HTH)?

ot i [ 2swcw Al (e — s0) 7l V29W,F ot
"\Gh+ie") ) 2 V2gW,; ~z, )\ Gw+h+ie)

2
w007 (9767 + Lo 7+ 208) 2 (8767 + S h7+ 360)

2

2

06" — & ((2sucud, + (6 — V26" + W 0+ b+ i)

2

(h+i¢°) — = ((fgW ¢t — Lz w(v+h+ uz»“)))

\f

\[
A
+ % . 72)\1; h? = v h3 — 2\ hé~ ¢t — M he?
A

— okt m ~ ¢ 6" - %’%% —ARGTET = A godTo"

Among the terms above, the quadratic terms that determine the gauge fixing term can be identified as
follows.

) 2
0t — & ((2suwcwdl, + (&~ 76" + Wi (v + b+ i)

=(0u0)(0"67) + 5 (2suwewdy + (= $3)Z1) (67000 — 67907
590 (W, 0,6 = W, 0,67) + Sg(h+ ") (W, 6t — W 0,07)
+i|25wch;L¢+ + (C%U — st)ZL¢+ +g(v+h+ z'gbo)W:}Q (77)

First, to remove %(WJ@M* — leaugb_), we use the following gauge fixing term.

1
Lop=—¢ (orwr —ieZoot) (0w +ig o)
ila“WJF + P grorwy — o orwy) € (L) oo (78)

Now, within the Feynman-"t Hooft gauge ¢ = 1, we find ¢™, a Goldstone boson, acquires the same mass
9” as the W boson. Similarly, another quadratic term 7"9”1’( du0)Z,, is removed through an additional

gauge fixing term _i(auzu — 7”};9”5(;50) . Again, since ¢ = 1, the mass of ¢, is the same as that of
the Z boson.
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Example: ¢ (p1)¢~ (p2) — ¢ (p3)d~ (p4)

To see the power of the Goldstone equivalence theorem, let’s find the ¢* (p1)¢~ (p2) — ¢+ (p3)d™ (p4)
amplitude. The Feynman rules in general R, gauge can be found from the Appendix B of Cheng & Li’s
textbook [2].

First, the s-channel amplitude mediated by A, Z bosons is as follows.H

. . 2_1..9#1/ . 1—2Sin29w 2 _iguy
iM = |(—ie) T+ -9 3 (p2—p1)u(p4—293)u

2 cos by, s —m%
e? 2¢c0s20, —1\° 92
e 0 —p2) - (ps - 79
Z[S +< 2 ¢0s Oy, > s —m?, (p1—p2) - (P3 — p4) (79)

(p1 —p2) - (p3 —pa) = (1 -P3 +D2-Pa) — (P1 - Pa + D2 - D3)

= (2mii —t) — (2mii —u) = 4mii —5—2t (80)
.9 2 2
sin” 6 2cos“ 0, — 1 1
M — —ig® - N 2t — 4m? 81
i ig + < 20050, P} (s+ Mg ) (81

The t-channel amplitude mediated by A, Z bosons can be obtained by exchanging p, and —p3 from the
above s-channel amplitude.

. . 2.
. . \9 —ig . 1—2sin?6 —1ig
iM = [(—zef — (—zg “) i | (ps =m0+ p2)

2 cos 0, Z

in2 0 2¢0s20, —1\2 1
:—ig2 sin w cos® 6y, i
t 2 cos By, t—m7,

(p1+p3) - (p2 + pa)

) 2 2
. o | sin® 6y, 2cos” 6, — 1 1 9
= 2s+t—4m (82)
g [ t +< 2 cos by t—m? (25 + o)
The 4-point amplitude is simply as follows.
2 2
iM = —i = (83)
v
Finally, the amplitude due to Higgs-exchange is as follows.
2\ 2 . . 4
m 7 1 m 1 1
iM= <—z’h> < 5+ 2) = —i—n1 < 5+ 2> (84)
v s—my t—my v s—my t—my
These steps are much easier than the evaluation of W; W — WpWi, as there are no more external
polarization factors and cumbersome Lorentz contractions. Using the Fermi constant Gy = ﬁwg; =
w

%, the total amplitude of the ¢ (p1)¢ (p2) — ¢ (p3)¢~ (p4) Process can be summarized as follows.

7
1 sin? 6 2¢c0s20, —1\° 1
s -4 2 w w
ﬁGFM mW[ s +< 2 cos B, ) s —m?

(S + 2t — 4m%¢i)

5| (25 +1 — 4m§>i)

sin? 6y, 2c0s? 0, — 1 2
t—my

— 4m?

2 cos 0y,

1 1
—2m? — 2m? (85)
i mh(s—mzﬂ—mz)

"Be careful that the propagator is different from that in the Unitary gauge! In a general R gauge, the propagator of a gauge
boson is {I[T"" =

(—n‘“’ + Bl 1- 5)), so you must consider this when using the Goldstone equivalence theorem!

i
p2—m3 p2—Em3,
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As we calculated for the Gauge bosons earlier, let’s consider the High energy limit of the above amplitude.

1 sin? 6 2c0820, —1\° 1 m2
— —4m? w w 14+ —=£ ...
\/§GFM W [ s < 2 cos Oy, > s < A )

.2 2 2 2
sin” 6 2cos“ 0, —1 1 m
mW[ t +< 2 cos Oy, t + t -
1 1
—om2 —oamid [ 24+ 24 ...
mj, mh(s+t+ )

1 2 2t
%—4m%‘, [Sin29w—|— (COS29w—1—|—4SGC29w> (1—|—mZ—|---->} Gl
s s

(5 + 2t — 4m?,)

(25 +t — 4m3,)

1 2 25 4t
—4m12,v[sinZGw—l—<60529w—1+4se62«9w> <1+W;Z+'-->] 8:_ —2m%

2t 25+t
~ —miy sec? 0, (S+ + S:_ )—2m%
s

M

Q

—V2GF <2mQZ (1 + ! + ‘;) + 2m,%> (86)
S

This is identical to Eq. (@), the high energy limit W;W; — W; W}, amplitude that we already calculated!
This is the Goldstone equivalence theorem. For a theory where a gauge boson acquires mass through
SSB, the high energy limit of an amplitude involving Longitudinal polarization is identical to substituting
the gauge boson with its corresponding goldstone scalar at £ = 1 gauge. Of course, for this convenience,
there is the downside that you have to use a gauge other than ¢ — oo, and you must keep the scalars
corresponding to the goldstones.

Informal Derivation

The formal derivation of the Goldstone Equivalence theorem requires path integral formalism. The main
idea of the proof is as follows. Consider the partition function (path integral) for gauge theory with SSB.
Then, the contribution to partition function due to high-energy part of longitudinally polarized vector in
& — oo is almost equal to that of goldstone boson in ¢ — 1. So high energy goldstone boson can replace
high energy, longitudinally polarized vector.

Let us show informal derivation. Consider S-matrix element involving single external massive gauge boson
V in the initial state.2

(f151i, W) (87)
This amplitude may be expressed by (f|S]i), the same but without WW;,.B
(£181i. Wr) = (1S - al,(p)Ii) (88)
Now we use LSZ reduction formula.

(115 - ol (p)]i) = i / dae ™ (O 4 m2) (1S - Vi ()i} (89)

2The following proof also can be done with gauge boson in the final state.

3The reader must beware that S-matrix element, and so amplitude M, does not require energy momentum conservation.
Such amplitude (f|S|:), however, does not contribute to physical observable because delta function for energy momentum
conservation is involved during the steps evaluating them.
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In the ultra-relativistic limit, the longitudinal polarization vector is essentially the same as p,,.

E 1 2 1% 2 ~
=L (1002)=2 (1001+- "4 V2 yo(™)0pH (90
I ma D ma 2p2 p2

So at the high energy limit, we may replace ¢ by %

ki / dae ™ (O 4 m2) (1S - Vi ()]i) ~ ff;: / dae P (O 4 m2) (IS - Vo)) (O

The 4ip# factor can be absorbed into S matrix part.

P [t @ mb) 18 Vi@l =~ [ dta(@re v @+ md )18 Vol
= Imi/ /d4x€—ipvl‘(|:| + m%/)<f|5’ . 8MVH(.1‘)|Z> (92)

By the way, the R, gauge forces 9,V# = &my ¢, where ¢ is the Goldstone boson to be eaten. So we can
replace 9, V* by Emy ¢.

. / dhze P (0 4+ m3) (f]S - 94V, ()i = € / dhre= P (O md ) FIS - Bli) = E(f1S)i,6) (93)

my

The last step is just due to LSZ formula.
The whole step can be summarized as follows.

(fIS|i, W) =~ &(f|S|i, d) = M((i, W) = f) =~ & M((i,¢) — f) (High Energy Limit) (94)

So, the amplitude involving a massive gauge boson is equal to the same amplitude substituted by the
corresponding Goldstone boson times £. In the Feynman-"t Hooft gauge, ¢ = 1 so they are the same.

A Super Basics of Quantum Field Theory

For phenomenologists, the main purpose of learning quantum field theory(QFT) is probably to calculate
amplitudes and the values of observables derived from them. In this appendix, | would like to briefly
mention what QFT is roughly about, and some basic calculation methods.

Thinking about the Schrodinger equation, you can see that a particle (and a system) is described through
a function that depends on position Z and time ¢: the field ) (#,¢). QFT is also a theory describing the
behavior of fields. And it interprets the behavior of the field as the behavior of a particle. That is, QFT is
ultimately just a theory about how to describe the behavior of particles (with quantum mechanical effects
added).

| believe you know only limited kind of the Schrédinger equations can be solved exactly. Similarly, the QFT
that can be solved exactly for a given potential are very limited. Just as we used perturbation theory for
such cases in QM, QFT also assumes that the potential term (which we will call the interaction term from
now on) can be treated as a perturbation, based on the exactly solvable case: the Free theory. Therefore,
we first need to learn about the free theory in QFT.

The free theory describing a real number-valued field ¢ with mass m and spin (s) O is as follows.

L= 500+ m)o = 560 — V> + m?)s ©5)

The factor 1/2 in front was determined so that the Hamiltonian value matches the energy (density) after
Legendre transforming the Lagrangian (density) into the Hamiltonian (density).
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A complex scalar field can be said to consist of two real scalar fields with the same mass: Re ¢ and Im ¢.
= % (Re ¢ + ilm ¢) Its free theory is as follows.

L=—¢*(0+m?¢ (96)

A vector-valued field V* has s = 1. The free theory describing a vector field with mass m is as follows.
1 1 1 1
L=—VuV"+ 5m?v#w = =50Vl = 0,V)(0"VY = 0"VH) + §mgmfﬂ (97)
(As mentioned earlier) the interaction terms to be treated perturbatively consist of the product of three
or more fields and a small coefficient. For example, in a theory called Scalar QED['Z‘], the interaction terms

are as follows.
A
Ling = 1A (60,6 — 90,6"] + P A“A§"6 — 7(679)? (98)

Each interaction term is interpreted as follows.

b2

ie AP (70, — $9,0"] — - _w_ ' =i x ie x (ipy, — Fipa,) (99)

b1 iLH
62 A,U«Al/ * \(\ /4/ s 2 100
Nuv ¢¢_>/IIJ\4\\H—ZX67]MV ( )

A \\A // A

~5(67) = Wl =ix4x . (101)

N

(The sign of 7 x ie x (£ip1, — %ipsy,) is determined by whether it is ingoing or outgoing as shown at the
very top.)
Now, for a given scattering process, the Matrix element can be calculated as follows.

1. First, draw points corresponding to the incoming particles and outgoing particles.

2. Each interaction term corresponds to a vertex where specific lines meet. Draw lines from the incoming
particles and outgoing particles so that each line meets only at a vertex allowed by the interaction term.

3. The amplitude ;M is the product of values corresponding to each vertex.

4. Lines that are not connected to any incoming or outgoing particle are propagators. The factors corre-
sponding to these must also be multiplied in step 3 above.

The propagator of a scalar particle is p%mQ. Here, p is the momentum that the scalar particle must have
when considering momentum conservation. For the propagator of a vector particle, please refer to the
main text.

B 2—-5n

Most literature dealing with the unitarity of scattering amplitudes only covers 2 — 2 processes. For those
of you who are not satisfied with this, here | will briefly talk about the unitarity of 2 — n scattering am-
plitudes. When finding the Unitarity bound in the main text, by dealing with ultra-high-energy scattering,

This theory (model) consists of a complex scalar field ¢ and a massless vector field A*. For each model, the particle contents
and the form of their interactions are different, and we find and use the model suitable for a given physical situation.
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we effectively treated all particles involved in the scattering as massless species. Similarly, here we will
assume from the beginning that all external particles involved in the scattering are massless.

If we transform Eq. () into 2 — n, and assume a massless COM frame, /s = p/2, so we can obtain the
following equation.

Im M(i = i) = so10¢ = 167 Y _(2j + 1)Im a; > 503 (102)
j=0
09—y is as follows.
1
Orom= o / dIT (27) 464 (Sp)M(2 — n) (103)
S

M(2 — n) is the matrix element associated with the 2 — n process, which generally depends on the
momenta of the outgoing particles.

At this stage, | would like to make an important simplification. Just as we only dealt with the scattering
angle independent s-wave part (ag) in 2 — 2 earlier, here we will also use the angle-independent part of
the amplitude. This means we will insert an appropriate constant in place of M(2 — n).

This approach is particularly appropriate for EFTs with an appropriate cutoff. For example, consider a
2 — 4 scattering in a theory where there is a heavy particle & with mass A and an interaction term ¢3®.
The diagrams associated with this amplitude can be broadly divided into two types.

N - ~ < -

o

Tr
The amplitude at an energy scale lower than A turns out to be almost constant roughly as follows.

M ~ (’)(10)1)\\22 (104)
(O(10) is the number of independent diagrams.)
Of course, these amplitude is only justified when there is a particle heavier than working energy scale.
Such scenario is well realized when dealing effective field theories that UV completion is unclear.
The above simplification also allows us to ignore the angle dependence of the scattering amplitude, re-
sulting in M = 16mag. Therefore, the inequality used previously: |ag| < 1 still holds.
By applying the above simplification, the unitarity problem ultimately comes down to the problem of

calculating the phase space integral V/,.

1 454 g 454 g Vi
= — T —n) = = T =2 = 105
O2-m = o /dH (2m)*5* (Xp)M(2 — n) %5 /dH (2m)*6%(Xp) 85 (2731 (105)
he calculation process for V,, is as follows. [4]
- d3p;
4 ¢ 106
Vn—/é(Ep)Jl o, (106)

First, the E; in the denominator can be removed through the following process. (This equation holds even
in the massive case.)

/d4pz'5(1%2 - m?)O((p°):) = /d4pz‘5((P0)12 —m® —p7)0((r°):)

:/d4p‘ (6(@0%_ V2 + ;) 00+ Vm? + )

2\/m? + p? 2\/m? + p?

) o((r"):)
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Here, the part where pY is negative is excluded according to the property of the Heaviside theta function.

Introducing E; = \/m? + 72,

(AR ) 3. 30,
/d4pi5(pg_m2)e((p0)i) —/d?’pidp?W@((po)i)—/ié?;@«po)i)—/igz

Therefore, V,, can be described as follows.
V= [ o' en [Tdnoe? - mt)en) = [ 5o [[a's: 662 - m*)e ()
i=1 i=1

_ / 4P — 3 yp) [[ d*pi 6()O((1"):)  (massless) (107)
1

i=
This V,, can be interpreted as a value proportional to the number of ways n on-shell massless species

can share the total 4-momentum P. V,, has a mass dimension of 2n — 4. (There are n d*k terms, so 4n;

§(P)?) = 52%) gives —2 per term, and there are n of them, so —2n; momentum conservation §*(Xp)

gives —4.)
(Since we are dealing with the massless case) the only energy scale V,, has is the CoM energy /s. Thus,
the form of V,, can be described as follows.

Vi = aps" 2 (108)
Now, after finding ay, we can find V,, by finding the relationship between a,, and a,, 1. V3 is as follows.
Vs :/d4k1d%gé(k%)é(kg)@(k:?)@(k:g)é‘l(P — k1 — ko)
= /0 ” dkdk9 /0 h drydry /0 ! df1dbs /0 % dp1dpor?rs sin 6y sin 026 (k)6 (k3)0H(P — ki — k)

00 00 T 27
= / dkYdEkS / drydry / df1db / d1des
0 0 0 0

6(ky —r1)8(k1 —1r2) 0(Po — k§ — k9)d(r1 — r2)8(01 + 02 — )0 (d1 — 2)

4riry 2 sin(m — 02)

313 sin 0 sin Oy

(For 5(’"1_’“2)5(91+92_“)5(¢1_¢2), please refer to the Dirac delta function in spherical coordinates.) Since

r?sin(m—6,)
sin § = sin(m — 6),

1 0 00 T 21
Vo =1 / dky dk; / dridry / df1dfs / dp1dds
0 0 0 0

%Sin915(k‘1 —71)8(ky — 12)6(Po — k{ — k9)8(r1 — 12)8(61 + 02 — m)5(d1 — o)

1 o) s 2 00
= / dkY6(Py — 2K / dfy sin 6, / dpy =m / dk05(Py — 2k%) = =
4 Jo 0 0 0 2

~—

s
1/2:@23025 — as =

oS

Now it is time to find the relationship between V,, and V,, ;. The relationship between the two comes
from the fact that V,,. is, in a sense, the integral of V/,.

Vist = / i1 (P = pust — S92 1)000 ) [] d'ps 62O((5):)

i=1
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For P—ppy1 = Q. [ 64(Q =3, pi) Ty d*pi 6(2)O((0°)s) = Vi = a,(Q2)" 2. (Here, the Mandelstam

1=

s = Q) Since the total momentum P is a fixed value, substituting p,, .1 = P — Q gives,
Vas = [ d'QB((P - QPO(P - Q)o@
QMhax Tmax ™ 2
:/ dQO/ dr/ d9/ de r?sin 5((P — Q)*)0(P° — Q°)V,(Q?)
Qin T'min 0 0

With Q = (Qo, @) (where |@| = r) and the COM momentum P = (PY,0), we have (P — Q)% = (P° —
Q%)% — r2. Therefore,

QMuax Tmax
Vist = 47r/ dQO/ dr 12 5((P° — Q°)2 — 12)0(P° — QV)Vi(Q?)
Q?nin Tmin
Substitute §((PY — Q%)% — r)O(PY — Q°) — 2%“5((P0 - Q% —r).
Qfhax Timax
Via1 = 271'/ dQO/ dr r6((P° — Q%) — r)Vn(Q%)
Q?nin Tmin
Since the variable of V,, is Q% = (Q%)? — 2,
leax Tmax Tmax
Vg1 = 27r/ dQO/ drr§(P°— Q" — )V, ((Q°)? —r?) = 27r/ dr r Vo, (P%)* — 2P%)
Q(r]nin Tmin Tmin
= 27ran/ ar r((PY)? — 2P% )2
Regarding the possible range of r: 7,,i, and ry.x correspond to the magnitude of the 3-momentum of the

n + 1-th particle. The minimum value is 0, and the maximum value is PY /2 when all the other particles go
in the opposite direction.

P/ 042 0 2 (PO)>n—2 77 1 (109)

—9 P2 — 2P%)"2 — 21, - s 109
Vot1 Tran/O dr r((P") T) a I =1) (= 1)a s

_ 77 (n+1)-2 _ (n+1)-2 110

an B = 1)5 An+18 (10)

Therefore, since a,,11 = anm and ay = 7,

2 (71-/2)11_1 n—2

V f— n_ = ——
n = Ans T(n)C(n—1)"
Thus, the following unitarity relation holds.
n—1 3 n—3
Oy g - (7(/2) 8n—3 =g 4m S (T”)
8(2m)3n—4T'(n)I'(n — 1) (4m)>» T'(n)I'(n — 1)
473 2

<1671 <16 12
Tamy T()D(n—1) = & na=27 (12)

The last part is because [Im ag| < 1.
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