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1 Introduction

This is a note for the JCP HEP School in March 2026. In this note, I aim to introduce some non-
perturbative effects in QFT.



2 The Witten SU(2) Anomaly

2.1 Ferimonic path integral

Let us consider integration over two Grassmann variables 61 and €5, which anticommute with each other,

0105 = —056;1. A general function of these variables can be written as

f(01,02) = fo+ fr01 + f202 + f120102 (1)

where fy, f1, fo and fio are arbitrary coefficients.

The fundamental properties of Grassmann integration are given as

/d&i:() , /d@ioi:1 (2)

For the path integral, we need Gaussian integrals. For two 6;, we have

/d91d92 6701‘41292 = /d91d92 (]. - A129192) = A12 (3)

Now say we have n #; and n other independent 6; that we will call #;. Then consider an integral that is

an exponential of something quadratic in them

_ _ 5 1
/ df1df) -+ df,df, e A0 = — > A Aigja (4)
: permutations{i,,jn }

If we think of A;; as a matrix, this is a sum over all elements {7, j} where we choose each row and column

once, with the sign from the ordering. The n! for the number of permutations cancels the 1/n! in front. So

/ d6,d6; - - - d6,d6,, e % 4ii% = det (A) (5)

2.2 Topological Structure of SU(2) Gauge Transformations

Suppose we have a gauge field A,,. Under a gauge transformation U(x), it is mapped to

Ag =U"Y(2)A,U(z) — iU (2)9,U(x) (6)

Classically, A,, and Ag represent the same gauge configuration, and in a gauge-invariant quantum theory
they should lead to the same contribution to the path integral.

Gauge transformations U(x) can be classified by their homotopy classes. Since U(z) is a map from

spacetime compactified to S* into the gauge group SU(2), the relevant topological classification is given by
m4(SU(2)) = Z (7)

This means that in four-dimensional Euclidean space, there is a gauge transformation U (x) such that U(z) —
1 as |z| — oo, and U(z) wraps around the gauge group in such a way that it cannot be continuously deformed
to the identity.



2.3 The SU(2) Anomaly

Consider the path integral for a G = SU(2) gauge theory with a single doublet of a left-handed fermions

_ 1 _
Z = / dep dip / dA, exp { / d*z (NTrF#,,F’“’ +¢z‘12>¢>] (8)
g
Here the ) = v D,, is the Dirac operator for the SU(2) gauge theory
a0
Dy =0, ~ igA3 % Q

We would like to integrate out the fermions and discuss the effective theory with the fermions eliminated.

As is well known, for a theory with a doublet of Dirac fermions, since eq. (5), we can get
[ (@b e = et i (10)

Here the RHS is the infinite product of all eigenvalues of the hermitian operator iIp. Since the Pauli-Villars

regularization is available for a Dirac fermion, we can regulate this in a gauge invariant way.

Now, with a doublet of Dirac fermions is exactly the same as two left-handed or Weyl doublets. Hence,
the fermion integration with a single Weyl doublet would give the square root of eq. (10),

/ (dYde)wey1 €¥1PY = (det iIp)"/? (11)

But an ambiguity arises here; the square root has two signs. This leads to trouble.

Picking a particular gauge field A,,, we are free to define in an arbitrary way the sign of (det i[9)'/? for
this field. Once this is done, there is no further freedom.

Defined in this way (det ilD)l/ 2 is certainly invariant under infinitesimal gauge transformations. But
nothing guarantees that (det iﬂ)l/ 2 is invariant under the topologically non-trivial gauge transformation U.
Actually, we will see that for any gauge field 4,

(det iP(A,))"/? = —(det ip(A]]))"/? (12)

In other words, if one continuously varies the gauge field from A, to Ag, one ends up with the opposite sign
of the square root.

Imagine varying the gauge field along a continuous path in field space from A, to Ag. For instance, one
may consider the gauge field A’; =(1-t)A,+ tAg, with ¢ varied smoothly from zero to one. Let us follow
the flow of the eigenvalues as a function of ¢t. The spectrum of iJp is precisely the same at ¢t = 1 as it is at

t = 0. However, the individual eigenvalues may rearrange themselves as ¢ is varied from zero to one.



Spectrum

Figure 1: The flow of eigenvalues as the gauge field is varied from A, to Ag

In particular, one of the eigenvalues which was positive at ¢ = 0 is negative by the time ¢t = 1. If at
t =0, (det i]]))l/ 2 was defined as the product of the positive eigenvalues, then, following the eigenvalues

1/2

continuously, by the time we reach t = 1 (detilp)/2 is the product of many positive eigenvalues and a single

negative one.

The Atiyah-Singer theorem permits more complicated rearrangements of eigenvalues, but the number of

positive eigenvalues that become negative as t is varied from 0 to 1 is always odd.

2.4 Mod 2 index for 5d Dirac operator

Consider a five-dimensional cylinder S* x R. Let z* (u = 1,2, 3,4) be coordinates for S* while the position
in the time direction is called 7. Here, we can consider a gauge connection A on the 5d space with A, = 0.

Meanwhile, for A,, we choose a gauge configuration such that

Ay(z,7) = Au(x) as 7— —o0 (13)
and

Ay (z, 1) = Al[{(x) as T — 400 (14)

Our 5d gauge field A(x, 7) smoothly interpolates between a 4d gauge configuration at 7 — —oo and a gauge
equivalent configuration at 7 — 400, related by a non-trivial gauge transformation.

Consider the five-dimensional Dirac operator for an SU(2) doublet of fermions,

5 3
Z- vpe) g2
pov=3o (03 arr w5 pw s)

i=1 a=1

The spinor ¥ has eight components because the spinor representation of O(5) is four dimensional while an
SU(2) doublet has two components.

The spinor representation of O(5) is pseudo-real, rather than real, and the doublet of SU(2) is likewise
pseudo-real. But the tensor product of the spinor representation of O(5) with the doublet of SU(2) is a real

representation of O(5) x SU(2). This means that in eq. (15), we can take the gamma matrices 7% to be real,



symmetric 8 x 8 matrices while the anti-hermitian generators T of SU(2) are real, anti-symmetric matrices.

The five-dimensional Dirac operator Py for an SU(2) doublet is therefore real antisymmetric operator,
acting on an infinite dimensional space. The eigenvalues of such a real antisymmetric operator either vanish

or are imaginary and occur in complex conjugate pairs.

Any zero mode of the D5 obeys

ov .
or - ID4‘I’ (16)

where D, is a 4d Dirac operator at each 7.

Assume that the gauge configuration A, (z, ) evolves adiabatically in 7, then the above eq. (16) can be

solved in the adiabatic approximation. This means that the eigenfunction ¥(z,7) can be written as

U(z,7) = f(r)o(x) (17)
where, for each fixed 7, ¢(x) is an eigenfunction of the 4d Dirac operator
VT Dadr(x) = A7) (@) (18)
In the adiabatic limit, eq. (16) becomes

dr _

= f) = fr) = foexp (— /OT ar’ )\(T’)> (19)

This is normalizable only if A is positive for 7 — +00, and negative for 7 — —oo.

Therefore, in the adiabatic approximation, the number of zero eigenvalues of P; is equal to the number

of eigenvalue curves which pass from negative to positive values between ¢t =0 and t = 1.

Meanwhile, the mod 2 Atiyah-Singer index theorem predicts that that the number of zero modes in this
5d gauge field is odd
indy (iP5) = dim Ker (iP5) =1 mod 2 (20)

Therefore, the number of eigenvalue curves that pass from negative to positive values is odd. It implies
that (det iI9)'/? is odd under the topologically non-trivial gauge transformation U (z).

An important implication for the SU(2) anomaly is that the number of left-handed Weyl fermion doublets
must be even. In the Standard Model, each generation contains one lepton doublet and three quark doublets,
so the total number of SU(2);, doublets per generation is 4. Hence, the SM is free from the Witten SU(2)

anomaly.



3 Instantons and Sphalerons

3.1 Vacuum structure of Yang-Mills gauge theories

SU(2) gauge theory has an infinite number of classical field configurations of zero energy, distinguished
by an integer n, and separated by energy barriers. Generically, between two quantum states |n) and |n’) that

are separated by an energy barrier, there is a tunneling amplitude of the form
(n'|H|n) ~ e~ (21)

where H is the Hamiltonian, and S is the euclidean action for a classical solution of the euclidean field equa-
tions that mediates between the field configuration corresponding to n at ¢ = —oo, and the field configuration

corresponding to n’ at t = +oc.

For SU(2) gauge theory, there is a classical solution of the euclidean field equations that mediates between
states with winding numbers n and n’. The value of this action is S = |n’ — n|Si, where S; = 87%/¢?, and g

is the Yang-Mills coupling constant. For n’ — n = 1, this solution is the instanton.

In next subsection, we will construct the instanton configuration, but first we study the consequences of

its existence. For SU(2) gauge theory, eq. (21) reads
(n/|H|n) ~ eI =nIS: (22)

These matrix elements depend only on n’ — n, and so H can be diagonlized by theta vacua of the form

+oo
)= e ") (23)

n=—oo

Also, we can calculate instanton contribution to the path integral. Let us consider the Euclidean path
integral, with the boundary condition that we start with a state of winding number n_ at x4 = —oo, and end
with a state with winding number ny at x4 = +0o. The only field configurations that contribute are those

with winding number ny — n_. We can therefore write

1 v
Znen = / DA, cn_ exp { / d*z Tr (QQQFWF“ — J“Aﬂﬂ (24)

Suppose now that we are interested in starting with a particular theta vacuum |0), and ending with a different

theta vacuum |0"). Then, corresponding path integral is given as

Zefeo(J) _ Z ei("w/*m*e)zmen_ (J) (25)

n_,ny

Let ny =n_ +mn, so that n 60/ —n_0=n_(0" —0) + nd’,

. / . ’ 1
Zorep = Z ein—(0"=0) ginf /DA9/<_9 exp {/d‘lx Tr <292FWFW — J“A“)] (26)

n_,n



Summing over n_ then the above equation becomes
Zyrg =0(0/ —0) Y ™ / DA, exp [— / d*z Tr (Q;QFWF‘“’ - J“Auﬂ
Finally, we can get
Zg:=) em /DAn exp {—/d‘*ﬂ&« (;gQFWFW - J“AH)]
n

Since

n

= o3 / d*x Tr (F,, F*)

We can write

1 , if -
Zp = /DA exp Ud‘lx Tr (—292FWF“ + 1o P " + JﬂAHﬂ

The vacuum angle 6 now appears as the coefficient of an extra term in the Yang-Mills Lagrangian.

3.2 Instanton Configuration
For the euclidean Yang-Mills action
1 4 nv
SYM:@ d J}TI'(F FMV)
we can construct a Bogomol’nyi bound. Since for euclidean space, we have
FE, =F"E,,

It implies that
1 - -
5T (F £ F,)? =Te (FMF,,) + Tr (FM*F,,)

Then, the action eq. (31) can be written as

1 1 ~ nIN4
SYM = @ d417 |:2TI‘( Nz + ELV)Q + Tr (FH F‘HV)

Also, from the above eq. (33) we can get the fact,
Tr (F* Fpy) > |Tr (F* F,)|

Hence, it gives the bound on action as

1 1 ~ = 1 LY
Sym = oy d*z LTr (B + Fu)? ¥ Te(F* Ew)] > @/d‘ler (F"F,,)

Therefore, we have

872
Sym > —5|n|
g

(27)

(34)



where n is the winding number,

n

= T2 / d*x Tr (F*E,,) (38)

Thus, the eq. (37) gives us the minimum value of the euclidean action for a solution of the euclidean field
equations that mediates between a vacuum configuration with winding number n_ at x4 = —oc and a vacuum

configuration with winding number ny =n_ +n at x4 = +o0.

To get an instanton configuration, we have to find the field configuration which satisfies the self dual
equation
F,, =F, (39)

Our starting point is the ansatz
A, (z) = a0,,0, In f(x) (40)

where « is a real constant to be fixed and o, is the 2 X 2 matrix representation of SO(4) algebra as

1, _
Ouv = i(auav —0y0u) (41)

and

where T are the Pauli matrices.

After some calculation, we can get one-instanton solution as

_ 277/(11/(1‘ - IO)V

Al(x) = —H——— 43
KO = o+ 7 1)
where p is the size of instanton and 7y, is known as the 't Hooft symbol, defined as
e v el 2,3
—y u=20
M = (44)
+§H vr=20
0 np=v=20
means
0 -1 0 0 00 -1 0 0 0 -1
1 0 0 O 00 0 -1 0 1 0
1 2 3
= ) v = ) v = 45
Te=1o 0 0o 1] ™ T 10 0 o "™Tlo -1 0 o0 (45)
0 0 -1 0 01 0 O 0 0 O
Especially, this one-instanton solution is called by BPST instanton.
3.3 Sphaleron Configuration
Consider the SU(2)y x U(1)y electroweak theory
1 a \2 1 2 T o
L= =5 = (B2, + (D) (D"®) — V(D) (46)



where W, are the SU(2) gauge bosons with field strength
We, = 0,W —9,W + g WiWy (47)

abc

where £%%¢ is the totally antisymmetric structure constant, and B,, is the hypercharge gauge boson with

Buu = 8,U,Bu - 8VB/,1, (48>
The covariant derivative acting on the Higgs doublet is given by

1. 0 a 1.
D,® =0, - ilgW“G o — §zg’BM<I) (49)

where g is the SU(2)w coupling, ¢’ is the U(1)y coupling, and ® are the Pauli matrices. The Higgs potential
takes the standard form
V(@) = —%|®* + AlD|* (50)

with mass parameter p and self-coupling A.

After spontaneous symmetry breaking, the Higgs field acquires a vacuum expectation value v = p/ VA~
246 GeV, giving rise to the W-boson mass my = gv/2 and the Higgs boson mass mpy = v2Av. The elec-
troweak mixing angle is defined as tanfy = ¢'/g.

Using the Euler-Lagrange equations, we derive the field equations from the Lagrangian eq. (46) as

ue  OV(®)
DuDI® = —— (51)
D'W;, = —ig [®'6"(D,®) — (D, @) c"®] (52)
9B, = ~i% [01(D,®) - (D,@)1a) (53)

where we defined the covariant derivative of the field strength as

DYWy, = 0"W, + g™ Wy Wpe (54)

ng

We set ¢’ = 0 to analyze the sphaleron in the 6y, — 0 limit, the U(1)y field decouples from the theory.
After spontaneous symmetry breaking, the Higgs potential can be rewritten as

1«@0=AQ@F—§)2 (55)

which has a minimum at |®| = v/v/2. The field equations (51) - (53) simplify to

2
D, DM® = —2) <|c1>|2 - ”2) ) (56)
v a g a a
DYWy, = —ig [@0*(D,®) — (D,®) 0" @] (57)

To capture the essential features of the sphaleron configuration, we introduce a general spherically sym-



metric ansatz as

Wi @) = G0 (58)
W (x) = % [anmxm + fBg, t) (26,0 — 50) + fcg, t) 2y (59)

B(z) = % [H(r, t) +iK(r, t)?} (?) (60)

where r = |x| is the radial coordinate and o - x = o%z,.

Substituting the ansatz eq. (58) - (60) into the field equations (51) - (53), we can get a system of six
coupled partial differential equations for the functions G(r,t), fa(r,t), fe(r,t), fo(r,t), H(r,t), and K(r,t).

For static configurations, all time derivatives vanish and the time component of the gauge field must be

zero. It implies that

0= We(z) = ;G(n e o G =0 (61)

r

Additionally, we adopt the radial gauge condition z'Wg = 0. This implies that

j 1 fA(rvt)_l j fB(Tat) j j
0=2'Wi(z) = ; (7ﬂ72)$35jamxm + T(rzxjéja —alzx,) +

fc(?“, t)

r2

vaia,

(62)
= fe(r,t) =0

In the radial gauge, the gauge potential has no radial component. This property implies that at large
radius r — oo, a finite-energy field configuration must asymptotically approach a pure gauge. Therefore, we

can solve the SU(2)y, equations of motion as r — oo by using

W (00) = —%ajUU—l, @(00) = U G) (63)

where the SU(2)y, group element U(r) is given by

U(r) = exp (;q“; ) (64)

Here g € [0, 4] is a free parameter. The pure gauge condition also implies that Wg(r — 00) = 0. Physically,
this can be understood as a consequence of the finite energy constraint, which forces the fields to approach
a pure gauge + VEV configuration at spatial infinity.

3.4 Chern-Simons number of the Sphaleron configuration

In the Standard Model, the baryon number current Jj; is not conserved at the quantum level due to the

chiral anomaly. Instead, it satisfies an anomaly equation

Nyg? =
B,k = 3 2f7r2 Tr (W, WH) (65)

where Ny = 3 is the number of fermion families, Wanv — %5"”””Wga is the field dual.

10



The RHS of eq. (65) can be rewritten as the four-divergence of a current K*, known as the Chern-Simons

current )
g Ty
@Tr (WIU,WH ) = GHK“ (66)
where K* is given by
2
_ g vpo 9 _abe b
Kt = 1672 ghve (WZ?GPW‘? — gea CWprW[f) (67)

When instanton solution exist in Euclidean spacetime, the integral of the anomaly over all spacetime gives

a topological winding number

g2

= 3272

/ Az Tr (W, WH) (68)

where N takes only integer values because of the topological structure of the winding number. This from the

fact that we can rewrite the above equation as

1

where C5 is the second Chern number of the SU(2) bundle, which is the topological invariant.

Consider the situation that starting at the trivial vacuum when t = —oco and arriving at the sphaleron

configuration when ¢ = ty. Using Stoke’s theorem, we can express the topological index in terms of the time

t=—o00 to
4 / dt / K- dS (70)
t=to —oo S

where S is the surface at spatial infinite. If K decreases sufficiently rapidly as r — oo, the surface integral

component of the Chern-Simons current

N(tg) = /d% K°

vanishes, and we can define the Chern-Simons number at time ¢q as
Nes(to) = / d3x K% (to) (71)

assuming K° = 0 at t = —oo for simplicity.

In the radial gauge we have adopted, the topological number N receives an additional contribution from

a non-vanishing surface term, leading to

N = /d%KO + % (72)
1 r=ee =00 q —sing
:27T</r—0 dr(f,quB—fAfj/s)"‘fB‘T: >+2ﬂ' (73)

where ¢ is the parameter in the pure gauge configuration. In Manton parametrization, we can set fg(r,t) =0
and it leads the first term of the above equation vanish.

A vacuum of the SU(2)y theory has the Higgs field at its VEV magnitude, |®| = v/v/2, and the gauge
field in a pure gauge configuration. Such configurations are characterized by integer Chern-Simons numbers,
Ngs = n € Z. These different vacua, labeled by consecutive integers, are separated by energy barriers in
the configuration space. The sphaleron represents the static solution at the top of this barrier. By symmetry

11



considerations, the sphaleron between vacua with Nocg =n and Ncs =n + 1 has Neg =n + %

1
Ncs:n+§

E
VAV W\/

Figure 2: Distinguished vacua with CS number

4 Pole structure

4.1 Kallén-Lehmann representation

Consider the two-point function without time-ordering

(Qe(z)o(y)|2)
The general fields ¢(x) are Heisenberg picture operator acting on the Hilbert space. It means
e—ilsx(b(x)eilsx = $(0)
If we have a state | X) with momentum p*, so P#|X) = p'x|X), then we have

(Qo()|X) = (@l (a)e e X)
= ¢~ Px(Qo ()| X)

where (Q|P = 0 has been used.

Insert the complete set
1= Z/dHX\X><X|
X

where the sum is over single- and multi-particle states | X) and

d3p; 1

dlly = i

X H (2)3 2E;
eX

12



to the eq. (75) as

(o (x)¢(y)I) = Z/dﬂx e~ Px@=(Q¢(0) X) (81)

B /éﬁp o) [Z [ s 2259 - prl(@loO)X) (2)

Here the quantity in brackets of the above equation is a Lorentz scalar, so it can only depend on p?. Since
the states |X) are physical, on-shell states in the Hilbert space, they all have momentum p% with p3 > 0

and positive energy. Thus p? > 0 and p° > 0 as well. Therefore, we can write
> [ i )59~ px)l@USO1X) P = 2000) (%) (53)

where p(p?) is known as a spectral density.

Finally, we can write the two-point function eq. (75) as

d4 —ip(x—

QU)o = [ Fe " 060)00) (34

To simplify this further we define

2 Fp 1 ipy)
D(JT, Yy, m ) = W@e (85)
d* —ip(z—

= [ e 0w0)a6 = m) (36)

where wy, = y/p? + m?. This leads
(Ql(x)d(y)I) = / de’ p(¢*) D(z,y,4%) (87)

To connect to S-matrix elements, we need to relate the spectral function to time-ordered products as

(QUT{p(x)p(y) }Y) = (Q/d(x)d(y)[0(z° — y°) + (Qd(y)¢(x)| 0O (y° — 2°) (88)
_ / dg? p(g®) [D (2,5, 30" — 1°) + D(y, 2,¢*)0(5° — 2°)] (89)
Since the identity

d*p i

Dl P00 1) 4 Dl 1000 — %) = [ (ot (90)
We can get ,
QTR = [ e i) (o)
where - )
) = [ a0 (92)

13



is known as the spectral representation or Kallén-Lehmann representation.

The spectral density has a lot of information in it. Basically it tells us about all the on-shell intermidiate
states in the theory. It is observable (in principle) since it is just based on an observable Green’s function,

(QIT{p(x)d(y)}|?). For a free theory

1

H2: 93
) = e (93)

and p(q?) = §(¢*> — m?). For an interacting theory, the spectral function will have singularities at locations

of physical, renormalized particle masses and other physical thresholds. Since p(¢?) is real and p(¢?) > 0, we

can calculate if from the 2-point function by taking the imaginary part of I1(¢?),

1

p(p*) = ——Tm [TI(p*)] (94)

In a unitary theory II(p?) can have an imaginary part only when cuts can put intermediate particles on-shell.
Thus, the spectral density contains information about the particles in the theory. In particular, it can tell
us about these particles regardless of whether there are fundamental fields corresponding to them in the

Lagrangian.

4.2 Polology

What we want to look at now is the n-point green function
Gn(p1,--+ ,pn) = /d4m1-~-d4xn P P (Ql(xr) - P(24)]02) (95)
Suppose we choose a specific subset of momenta going

g =p1+p2+-+Dr—1+Dr (96)
= —Pr4+1 —Pr+42 — " — Pn—-1—DPn (97)

where 1 <r <n-—1.

Let split the green function eq. (95) as

Gn(p1,- - spn) = /d4:v1~--d4xn ePITL P Tn
X (QUT{¢(x1) -+~ (20 }T{P(xr11) -+ (2n) }|) + extra

Inserting a complete set of states implies as

QUT{p(z1) - D)} T{P(xr11) - d(2n) }[Q) + extra

3 (99)
~ [ G g AT (@) - S T (o) - bl ) + extra

Here I introduced the one-particle state |¥) of mass m.

14



Then, the (QT{¢(z1) - - - ¢(x,) }¥) term becomes

(T (6(a1) -~ (2.} ) (100)
(O ()PP 3y )i P i () eiPrreiPey gy (101)
— e (QIT{(0)0(wz — 1) < Bz — 21 HE) (102)
— P (QIT{H(0)d(y2) - H()} V) (103)

where we have defined y; = x; — x1 with 2 <i <r.

Similarly we can do same process for (U|T{d(x,11) - - ¢(xn)}|Q),

(WIT{p(xr11) - - d(an)I) (104)
_ <\I/|ei15xr+1e—i15:cr+1 d)(mrﬂ)eiﬁmrﬂe—iﬁzrﬂ ¢(x7.+2)eiﬁ'zr+1 e P ¢($n)eiﬁ'zr+1€—iﬁzr+1 Q) (105)
= P (W3(0)p( 212 — Trp1) - D@0 — Tri1)|D) (106)
=PI (W|6(0)d(yz) - d(yn) Q) (107)

where we have defined y; = z; — ;41 withr +2 <j <n.

Therefore, changing variables on all except z1 and x,1, we have

/d4x1 coediz, = /d4x1d4x,.+1 /d4yg e dby,diyegg - - dYy, (108)

and
eP1T1 | oiPn®n _ Gi(pra1tpaatetpras) | i(Proa Tt prpaTepa et pnTa) (109)
— ei(il?lﬂﬂl+P2(’y2+$1)+'“+11r(yr+$1)) . ei(Pr+1$r+1+10T+2(yT+2+$r+1)+'“+Pn(yn+$r+1)) (110)

_ ei(PlJerJr"'err)'ﬂJl . ei(p2y2+"'+pry'r‘) . ei(p'r‘+1+p7'+2+"'+pn)'w7'+1 . ei(p'r‘+2a:'r‘+2+'"JFpnyn) (111)

The n-point green function eq. (95) is rewritten as

d3p\p 1 —1 xr1—T
Gn(ph”' 7p’ﬂ) :/ (QW)SE d4.’IJ1d41’r+1€ P (@ T+1)G1r4(p7p27"' 7pT)G'Ef7‘(p7p’l"+2u"' 7pn) (112>

% ei(p1+p2+“'1’1v)'$1ei(P7»+1+p7~+2+--'+P7L)'I7-+1 + extra
where I have defined Gf(pyp% e vpr) and Ggfr(pvpr+27 T 7pn) as
G p.pa,-+ ,pr) = /d4l/2'~d4yr P2 P (QIT{G(0)p(y2) - - - S(yr) } W) (113)

and

Gf—r(papT+17 s 7Pn) = /d4yr+2 : "d4yn Pratrea .. gPnin <‘I’|T{¢(0)¢(yz) T ¢(yn)|ﬂ> (114)
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Also, we have

3
/d py 1 e_ip\lf(wl_errl)

(27)3 2By

— e P (T1—Tr41) 115
0 _F /92(1)>900+1 (27T)4 p?I/ —m? +ie ( )
pPy=Lw "

and performing the d*z; integral over the exponentials containing x; gives
/d4m167ip‘”1 . et Prtp2tetpr) @y (277)45(4) (pw — (p1+p2+---+p) (116)

for d*z,. 41 case gives

/d4xr+1eip\pwr+1 . ei(pT+1+Pr+2+~-~+I)n)'xr+1 — (27’(’)46(4) <p\11 + (prJrl + Draot - +pn)) (117)
Then,
Gn(pr -+ p):/délpwp i (2m)%6 (py — (p1 +p2 + -+~ + pr))
n\M1, s Pn (27T)4p31,—m2+i€ 3 1 2 r
118
X 60 (py + Prs1 + Proz + -+ Pu))GEW, D2, P )GE (D Drv2, D) (118)
+ extra
becomes
Gn(p1, - pn) = 21) W (p1 +po+ - + pu A D2, pr)GE_ (D, praa, - P
(p1 pn) = (2m)°6" (p1 + p2 p)qQ_mQ+Z€ - (Dsp2, - Pr) G (Ds Pr2 Pn) (119)

+ extra

This equation says that Green’s functions always have poles when on-shell intermediate particles can be

produced.

P

N Ny
sz/ — ’;/ \
' G, G G

h-r
Figure 3: Polology

In driving eq. (119), the only thing we used was that the state |®) is a one-particle state with overlap with
the state with r fields ¢; - - - ¢,.. We never needed to associate ¥ with a field in a Lagrangian. This formula
does not distinguish elementary particles (those with corresponding fields in a Lagrangian) from composite

particles.
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