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4.4 Strong CP Problem 51

A Grassmann numbers 51

1 Symmetry description in (Quantum) field theory

1.1 Noether’s theorem

Let the Lagrangian of n fields {¢,} is a functional of filed and its first derivative

L = L(pn,0udn), (1.1)

and the action is invariant under a continuous global symmetry parametrized by e. Since
the symmetry is continuous, we can consider an infinitesimal transformation,

Pn(@) = ¢,(7) = In(T) + exXn(9). (1.2)

To derive Noether’s theorem, we promote the constant parameter € to a spacetime-
dependent function €(z),

Pn(7) = ¢ (2) = n(2) + €(2)Xn(9), (1.3)

where x,(¢) depends on a specific transformation rule. Under this transformation, the
Lagrangian is transform as £ — £ + 0.L,

) o+ g 3Ol
-3 :;ilaeqmﬁ%a#(ée%(x»], 5c(Dun) = 0u(0cn),
) @) + () ()]
. :%<aue>xn<¢>+{gqixn<¢>+({)(§ufmauxn<¢>}e<x>}. (1.4

If this transformation is global symmetric transformation, i.e. € is constant, then it can
modify the Lagrangian only up to a total derivative,

Seo £ = Z[a o Xn (aﬁbn) MXn(qb)} €0 = €0, K. (1.5)

Since this holds for arbitrary constant €y, we may identify the expression in brackets with
OuKH,

5L = Z 5 mn (8,€)Xn(9) + 0, K e(x) (1.6)



Then the corresponding change in the action reads

6.8 = / dzé.L = / diz [Z ) (04€)Xn(®) + 0 K e(x)

_ /d4xe lza i /d4:c6 lza "

If the fields {¢,} obey the classical equation of motion, then the arbitrary variation of

action is vanished, including variation due to the for given symmetry transformation,

08=0 — 65=0 — 0,J"'=0, (1.8)
where
oL
JH = ———Xn — K*. 1.9
B rmd (19)

Note that there is no contribution of the total derivative term, if we assumed that e(x)
vanished sufficiently fast at spatially infinity.

1.2 Ward Identity in Quantum Field Theory

In this subsection we will derive the quantum version of Noether theorem. Consider the
single scalar field ¢. Then the generating functional is

- / D¢ exp [isw +i / d%K(x)qs(a:)], (1.10)

where K (x) is an external source for ¢(z) and D¢ denotes integration over all field con-
figurations. As in the derivation of Noether’s theorem, we consider a continuous global
symmetry parametrized by e. Its infinitesimal form is

d(x) = ¢'(z) = ¢(x) + ex(¢). (1.11)

Then promote the constant € to a local parameter €(x) as follows,

¢(z) = ¢ (x) = ¢(2) + e(x)x(9)- (1.12)

This is simply a change of integration variable; we may rewrite the generating functional

in terms of the new field ¢/,
= /ng/ exp {iS[qﬁ'] +i/d4x K(x)gb’(x)] (1.13)
Recalling the formula for variation of action under the symmetry transformation (1.7),

$16) = S16] - [ dtoc(@)0,7"(a), (1.14)

(1.7)

Xn(9)



where J#(z) is Neother current. Then (1.13) becomes
Z|K] = / D¢/ [exp {iS[gb] + i / dix K(x)¢(x)}
<owp{ i [ a0 ) - K@x@l}] . 019
Since ¢(z) is infinitesimal, one can expand the second exponential part,
Z|K] = /D¢’ [exp {iS[gb] +i/d4x K(x)gb(x)}
«{1-i [aed@p @ - Kex@lf]. )

We need an additional assumption that the integral measure D¢ does not change under
the symmetry transformation,

D¢ = Do. (1.17)

With this assumption, the first part of above expression becomes original generating func-
tional,

Z|K] = Z|[K] —i/Dd) [exp{i5[¢] +i/d4xK¢} X /d%e(x)[&wfu —Kx(qﬁ)]} .
It gives
0= /ng [exp {z’S[gb] +i/d4xK¢} X /d4$6(1’)[8w]“ —Kx(gb)]] . (1.18)
Change the integral order as follows,
0= /d4xe(x)/Dd> exp [z‘sm +i/d4xK¢] [0, " — Kx(6)] (1.19)
This expression should be true for arbitrary e(z),
0= /D¢ exp [iS[qﬁ] +i/d4:v Kaﬁ] [0, " — Kx(6)]. (1.20)
By setting K = 0, we get
/D¢> 8, 1) = (9, M) = 0, (1.21)

where We normalize the generating functional Z[0] = 1.
Differentiating (1.20) multiple times with respect to K and then setting K = 0 gives

B, (T {J*(x) p(x") -+ p(z™)}) = —z’Zé(x — @) (T {p(z") -~ x(d(z")) - p(a™)})

=0, (z # ). (1.22)



It implies the divergence is zero away from contact points. Functional derivatives with
respect to K commute with the path integral and bring down field insertions. These are
known as the Ward identities and they mean that 0, J" vanishes inside any correlation
function as long as its position does not coincide with the insertion point of other fields.
This is the quantum version of the Noether theorem. If the functional measure is invariant,
these Ward identities show that the classical symmetry is preserved in the quantum theory.

Derivation

We start from the identity (1.20) written with explicit spacetime dependence,

0= / Do exp(iSM)] i / dtz K(z)¢>(z)> [aujﬂ(x) —K(a:)x(gzﬁ(x))] (1.23)

To generate correlation functions we differentiate with respect to the source K. The
only two functional-derivative rules we need are

s o (i [ at kG0 ) =it ew(i [at: K6 G = o).

JK( )"'6K?a:n) on (1.23) and set K = 0. For the first term, all
derivatives hit the source exponential and simply bring down field insertions:

Now act with

677,
3K (z1) - --

SK (zm) (eifK¢ 8HJ“({L')> ‘ =" ¢(x1) (™) a“JH(x)_ (1.24)

K=0

For the second term, notice an important simplification: after setting K = 0, the
factor K (z) kills every contribution except those in which ezactly one derivative acts
on K (z). The specific calculation gives the contact terms

OK (z1)--- 0K (am) SK(zt) - SKAx?) - - 5K (zm) 0K (x7)

K=o J=1

_ jn—l ;a(x —a9) p(z") - ghad) - (@) x(d(a?)).

Putting back this results into the n-time differentiated version of (1.23) yields, at
the level of the path integral,

i/Dd)eiSM o) - p(z™) BT (x 25 z— ) (1.25)

/ngelsf% BT ™) X(B(a)).

Finally, the path integral with source K generates time-ordered vacuum correlators.
Differentiating the functional identity (1.23) with respect to K therefore yields a

relation for T-ordered correlators.




1.3 Spontaneous Symmetry Breaking

There are two common types of symmetry breaking in particle physics. In spontaneous
symmetry breaking, the Lagrangian is invariant under a symmetry transformation, while
the ground state (vacuum) is not. In explicit symmetry breaking, the Lagrangian contains
terms that are not invariant under the symmetry.

1.3.1 Symmetry transformations and generators

A symmetry transformation U is defined by the invariance of the Hamiltonian,
U'HU = H, (1.26)

where the symmetry transformation is U(f) = exp(i#®T®). A state is invariant under U
(up to a phase) if

Ul) = ep), a€R. (1.27)

For simplicity set = 0. If the vacuum is invariant under U, then the (unbroken) symmetry
generators annihilate the vacuum

Ul0) = [0) = [I +i0°T* + ---1|0) ~ |0) + i6*T|0)
= T%0) =0 (1.28)

If the vacuum is not invariant, then at least one generator does not annihilate the vacuum
Ul0) #10) = Ja such that T%|0) # 0. (1.29)

1.3.2 Spontaneous Breaking of Discrete Symmetry

Let us consider a real scalar field ¢ with the following Lagrangian,
L= 50"00,6 - V(6), V(6) = ym®s® + [, (1:30)
where A > 0. The Lagrangian is invariant under a discrete Zs transformation,
Lo : ¢ — —o. (1.31)

To find whether this symmetry is spontaneously broken, we need to find the ground
state. It corresponds to the point(s) in field space at which the potential in (1.30) is
minimized. At the classical level, the stationary points satisfy V’/(¢) = 0,

0, 2 >0,
¢? = { , (1.32)

==, m? < 0.

If m? > 0, then there is a single minimum given by

p=1v9=0, (m*>0). (1.33)



The vacuum expectation value (VEV) in the vacuum state Q) is defined by

This vacuum is invariant under Zs, so the symmetry is not spontaneously broken. On the
other hand if m? < 0 they are two separate minima given by

—m?2

= =+
¢ = vt 3

(1.35)

These correspond to two distinct ground states [€21) and |[Q2_). They have the same energy
and are therefore degenerate. A Zy transformation maps Q) to |2_) and vice versa. So
the ground state is not invariant under the Zs transformation anymore, and one says that
the Zo symmetry is spontaneously broken.

1.3.3 Spontaneous Breaking of Continuous Symmetry

Now we consider a Lagrangian of complex scalar field ®,
L= (0"D)*(0,®) — V(®), V(®)=m?d*+ %|<1>|4. (1.36)
This Lagrangian is invariant under the global U(1) transformation
Ul): ®— @ =e®, a€eR, (1.37)

where « is spacetime-independent (a constant), and is therefore called a global parameter.
This is a continuous transformation because varying « continuously connects any group
element to the identity.

The potential in (1.36) is minimized at

0, 2>,
o=, " (1.38)
_QTW, m? < 0.

In the first case, there is a single ground state |€2p) which is invariant under U(1), so the
symmetry is not spontaneously broken. In contrast, for m? < 0 the minima form a circle
|®| = y/—2m?2/), leading to a continuum of degenerate vacua related by U(1).

2 Chiral anomaly

When deriving the Ward identity, our only non-trivial assumption was the invariance of the
path integral measure. Therefore, we expect that anomalies are tied to the (non-)invariance
of the path integral measure.

Consider a massless Dirac fermion 1 coupled to electromagnetism. The action is

1 L
S = / d*z [—4FWF“ + iy Dy (2.1)



where D, is the gauge-covariant derivative,
Dy = 0y — i Ay, (2.2)

where ¢ is the EM charge of the fermion normalized such that ¢ = —1 for the electron. In
this notation, the fermion ¢ transforms under the U(1)gy gauge transformation as

Y — @)y, (2.3)
This theory also has two global phase symmetries

Vi — e, b=yt (2.4)
Ay — 6i675¢, J;f = 7]}7“75111. (2.5)

Noether currents

Under an infinitesimal vector transformation with real parameter €, v and v trans-
form as

Y = e = [1 +ie + O()Y = P + iey), (2.6)
and
¥ = @)1 = [+ i)'y = [pf —iepl]y® = P — ieq. (2.7)
An infinitesimal axial transformation is
Y = = [1+iey’ + Oy ~ ¢ +ier’y, (2.8)
and
¥ = @)~ [+ i’y = [pf — i (%) 0 = ¢i° —ieyTy’7°
= 9170 +iepTy0y®
= + iey°, (2.9)

where we use {y#,7°} = 0 and (v°)" = ~°.

Classically, (for a massless Dirac fermion), Noether theorem tell us
OuJl: =0, 9,J4 =0. (2.10)

We want to study which of these classical statements survive in the quantum theory.

In the previous section, we assumed that the path integral measure is invariant under
the symmetry transformation in the quantum theory. In this case we are interested in the
transformation of the fermion measure

/wa, (2.11)



under the vector and axial transformation. From (2.6)—(2.9), the vector transformation acts
with opposite phases on ¢ and 1, while the axial transformation acts with the same sign.
This difference is reflected in the Jacobian of the fermionic path-integral measure and is
the origin of the axial anomaly.

2.1 Euclidean path integral

For anomaly calculations, it is convenient to Wick rotate to Euclidean time by defining
2% =i = it, (2.12)

where the subscript F denotes the Euclidean coordinates. Then this transformation requires
the introduction of the corresponding components of the partial derivative and the vector

potential,
0 0
Opp = —— = —1—— = —10, Apo = —iAg. 2.13
EO ax% Zaxo 100, FEO0 1A0 ( )
The metric becomes
nwdztdzs”  — =6, datday,. (2.14)

Then due to this transformation, the Clifford algebra should be modified,
Ay =22, ekl = 28", 2 =i = abid = vk (215)
With the convention in (2.15), the Euclidean gamma matrices are anti-hermitian,
El" = 5 (2.16)
However by the definition, the 7% remains Hermitian,
MEl" = e E) = ek = eEE = vk (2.17)

Under the Wick rotation, the path-integral weight e® becomes e °E, where Sg is the

Euclidean action obtained by analytic continuation, Sg = —iS }mo__imo .
- E

Gamma matrix Hermitianity and metric signature

Consider the Dirac equation as Schrodinger form

(iv"0, —m)p =0 — z‘aa—lf = [=i7°~4'8; + m~ ]y = Hpy, (2.18)

9)2 = % = 1. To preserve the inner product,

where we use (v
o= L [ @Bt I g
Sllpl2 =5 [ eyt @) =i [ @yl - Hhp Lo, (@219)
the Hamiltonian Hp is Hermitian. More specifically,

o ) ° ] !
HTD _ —Z('}’O'YZ)TaZ + m(VO)T = —nyofyzai —+ m’yo = Hp, (220)




where we use (9;)" = —0;. Then
(=12 (") =1 (2.21)

Remark. In this note we use the mostly-minus convention n°° = +1. If one in-
stead uses the mostly-plus convention n°° = —1, it is common to choose a different
Hermiticity convention for the gamma matrices and/or a modified definition of the
Dirac adjoint so that the Hamiltonian is Hermitian with respect to the chosen inner
product.

2.1.1 Fermion measure

Remark. From here on we work in Euclidean space. Depending on the context, I will either
keep the subscript E explicit or drop it for notational simplicity. I ask for the reader’s kind
understanding.

We want to know how the fermion measure is modified under the transformation
given in (2.4) and (2.5). For practical calculation, we need to properly define the measure.
Consider the following eigenvalue equation,

lDE|n> = )‘n|n> - lpEwn(aj) = )\n¢n($)7 (2'22)

where {\,} are the eigenvalues and {¢,} are the eigenspinors. Note that in Euclidean
space, the Dirac operator

Dg=+%Dg, — Bl = (Dg,) ()" = (anti-Hermitian) - (anti-Hermitian) = 1) p(2.23)

meaning ) is Hermitian. This implies that the eigenvalues {\,} are real, and the eigen-
spinors are orthonormal,

(nlm) =dpm — /d4xE (n|x){x|m) = /d4$E ¢IL(mE)wm(a:E) = Onm, (2.24)
and the complete basis

dolnl=1 = 6 x —y)lspmer = (zly) = Y (xln)(nly) = an (2.25)

n

Then a general Dirac spinor i can be expanded in the eigenspinor basis as

d(x) = () =Y (zln)(ne) =D (n|e)(z(n) = Zanwn (2.26)

P(z) = (lz) = Y (Wln)(nlz) = Y (nfa)(Pln) = ZW (2.27)

where {a, } and {b,, } are Grassmann-valued numbers so that the spinors can satisfy the anti-
commutation relations. In Euclidean space, ¥ and 1) are treated as independent Grassmann
fields. Note that (n|y) is Grassmann-valued while (z|n) is a c-number, so they commute



and no extra sign arises when reordering them. Therefore, we can write the Euclidean
action for the Dirac fermions as

S = / dha g () P () = / dp (Dl g) (el B l)
— (G| Bsld). (2.28)

Substituting the complete basis (2.25),

Sg = (Y| Ppld) = Z(@Elmﬂml%lnﬂn\w

= Z A (P|m) (mln) (n|y)
= Z)\ (Pn)(n|y) = Z)\ b (2.29)
Also we can write the fermion measure as the coefficient a,, and l_)n,
[ pivu = | [H a(x) dw<x>]
= / _ [[dbnd Upn = (z|n)
a det UT det U - n @n ] wn = AT,
= / ] dbn da. (2.30)

Derivation

From the (2.26) and (2.27), one can define the unitary transformation between the

position and spectral basis of D,

B(x) =D (nle)(zln) = Zan ons (2.31)

n

Y() =Y (nfa)(Pln) = Z(an)n_)n’ (2.32)

n n

where we discretize the spacetime coordinate. The unitarity directly comes from the
completeness of each basis,

vUt = ZUm Yy

= ZUm )t = (xln)(yln)! = (zly) = buy, (2.33)

n

Uty = Z(UT)MUW

= Z en) U = D (aln) (zlm) = (n|m) = 6. (2.34)

T

~10 -



Thus, the matrix U is an unitary matrix
Ut =UU =1 (2.35)

Consider a linear transformation of Grassmann vector,“

N
j=1
Then
N N
[[d0: = (det ar)~* ] d. (2.37)
=1 =1
Thus in our case
_ 1 _ _
1;[d¢(x) (o) = l;Idbn da,, = l;ldbn da,. (2.38)

“More detail about a Grassmann number, see the Appendix.

\.

Therefore the Euclidean partition function for the fermions is

Zp = / DyYDipe 5 = / [ dbn day exp [— > Ambmam]
= /Hdl_)n day, Hexp [—)\ml_)mam]

m

_ / [T dbn daw T [1 — Anbmatn]

m

=[] A = det [Dg]. (2.39)
n
Note that this expression is exact. See the Appendix of Grassmann variable.

2.2 Calculating the Jacobian

Let us compute how the fermionic path-integral measure changes under vector and axial
rotations. We start with the axial rotation. It is sufficient to consider the transformation
of 1) since the transformation of 1 is identical for axial rotation and differs by a sign for
vector rotations.

Under an axial rotation

SY(z) =ie(x)y"Y(x) & D (Sap)r(z) =i€(x) Y | amy tm(@). (2.40)

k

- 11 -



By applying the orthogonality relation (2.24)
[ dapvien) Y bayintes) = Y (6a) [ ator vlen)intar)
k k
= > (6ax)dn
k

= San =i / d'zp e(zp)Pl(rE) YV m(zE)an

(2.41)

-y / g (@ p) e (20)y Y (@) am = 3 Xuman.

where we defined
Xpm = i/d4xE e(zg) w;rl(:cE)'wam(xE).
One can rewrite as a matrix form
a—a =a+da=(1+X)a,
where

:Zanwn(a:), aE(al,ag,...)T.

For Grassmann variables, the Jacobian J of this transformation is!

Hda = [det(1 + X)] Hdan = dean
Equivalently,

Hdan = det(1 + X) Hda; = j_IHda;L.

At leading order in €, we can approximate the Jacobian as

J=[det(1+X)] ' =det[(1+ X)) =det[l - X +O(X?

~ det (1 — X).

Using the fact det (1 + A) = exp [Tr{ln (1 + A)}],

det (1 — X) = exp [Tr{ln (1 — X)}] = exp [Tr{—X + O(X?)}]

= exp [ Tr(X)].

'For regular c-number, J = det (1 4+ X).

- 12 —

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)



Proof of det and exp(TrIn)

Let M be an N x N matrix with eigenvalues {;;}? ;. Then

N
det M = HM’ Trln M| = Zln,u,, (2.49)
i=1
S0
N
det M = exp (Z In /Li> = exp(Tr In M). (2.50)
i=1

In particular, if X is small (here X = O(¢)), we may use the series
1
1n(1+X)=X—§X2+-~, (2.51)
so to leading order

TrIn(1 + X) ~ Tr X. (2.52)

Explicitly,
J = eiTr(X) = €xp — [Z Xnn]
= exp [—iZ/d4$E 6($E)¢IL($E)’Y5%(SUE)]
= exp [—i/d4$€E €($E)Z¢L(xE)75¢n(xE)]~ (2.53)

For v, the transformation is the same so

J? / ] dbndan = / 1 av,.da;,. (2.54)

Transformation for

In Euclidean space we treat ¢ and 1) as independent Grassmann fields. Therefore
we define the infinitesimal axial rotation by

§(zg) = ie(xp)y"Y(zp),  §P(zp) = ie(zp)P(zp)y’. (2.55)

Then using the decomposition

§p(xp) =ie(zp)P(zp)y’ < Z(%kwk me¢m )y’ (2.56)
k

~13 -



By applying the orthogonality relation (2.24)
/d43:E Z(dgk)lb]i(x)wn(m) = Z(dl_)k) /d4$E ¢;£(x)1,/1n(x) (2.57)
k k
= > (65)dkn
k
— S =i [ dlape( PICHCIE

Z / rpie(x )Wn(ﬂﬁ)v‘r)wn(x)EZBmen.

One can rewrite as a matrix form

b — b’ =b+db =b(1 + X), (2.58)
where
2) =Y butpf(z),  b=(bba...). (2.59)
Change the column vector as follows
P =a+xT" - Hdb’ [det (1+ XT)] " ] don
= [det (1+ X)] " ] ] dbn. (2.60)

Therefore

Ty = [det (14 X))~ (2.61)

Let us briefly discuss what will be different for vector transformations. Following similar
steps it is straightforward to show that for the vector transformation, the Jacobian factors
for ¢ and v are

TV =laet 1+ )7, g = [det (1Y) (2:62)

where Y is same as X except that the 7° term is absent,

Vo — i / P (@) (2)0m (). (2.63)

— 14 —



Vector transformation derivation

Under the vector rotation

{W _ ey %:(5%)% Zadem
- = (2.64)
5 = —iey) > " (8bi)) () = —ie(x mew

k

By applying the orthogonality relation (2.24), we do the same process without ~°
factor, (2.41) for ¢ and (2.57) for 1. Therefore we can define

Vo = i / dop (@) (@)1 (). (2.65)
One can rewrite as a matrix form
b—b =b+db=b(l-Y), (2.66)
where
z) =Y batfi(z), b=(b1,ba,...). (2.67)
Change the column vector as follows
B =a-vTHr — Hdb’ [det (1 — YTt HdBn
= [det (1 —Y)]! H dby,. (2.68)
Therefore
I8 = [det (1 - V). (2.69)

For 1) case, it follows the same logic from (2.43) to (2.45),then we get

TS = [det (1+ )71, (2.70)

The opposite sign is a direct consequence of the opposite sign in the infinitesimal vector
transformation in (2.7). As a result, the Jacobian factors from 1 and v cancel at linear
order in €(x),

TV =g 7V = [det(1+ V)] [det(1 = ¥)] T = 14 O(e2). (2.71)

Therefore the vector symmetry receives no anomalous contribution in the Ward-identity
derivation, which keeps only terms linear in the arbitrary function e(x).

~15 —



Derivation

Using det A = exp(Trln A) we can rewrite

TV = [det(1 4 Y)] [det(1 — V)]7! = [det{(1+Y)(1 - Y)}]*
= [det(1 — Y?)7!
= det[(1 - Y?)7}]
= exp [Tr{ln (1 — Y*)71}]
= exp[-Tr{ln (1 -Y?)}]. (2.72)

Since Y = O(¢), we have Y2 = O(¢?) and may expand
In(1-Y?%) =-v2— %Y“ e (2.73)
Substituting (2.73) into (2.72) gives
JV) = exp[Tr(Y?) + O(YH)] = 1 + Tr(Y?) + O(Y). (2.74)

In particular, there is no term linear in €(x).

Let us return to the evaluation of the Jacobian given in (2.53). To calculate this
term, we need to regularize the infinite sum. We need to do this in a gauge invariant way.
Since the eigenvalues {\,} of the Dirac operator are gauge invariant, we can use them for
regularization. So we write

A—o0

/ d*rpe(x)Y Ui e = lim [ diepe) vl (ep)y vn(@p)e N

n

= lim [ d*zg e(x) Z TZJ,TL(QTE)’YE)ef)\%/AQl/’n(xE)

A—o0

= lim [ d'zpe(z) Z ¢l($E)’Y5€_¢%/A2¢n($E)

A—o0

= lim d4.CI}E E(Z‘E)WA(.CCE), (2.75)

A—o0

where we use the eigenvalue equation (2.22). Now we take the Fourier transform of ¢, via

d4kE ikpx
Un(zE) = We Yn(kE), (2.76)
so that Wj becomes
d*kp d*K Ciken 5 I IAZ ik
Wi = Z/ @)t (%)b;@(;@)e kw5 o= DB/ ikpay, (1), (2.77)

Using the completeness of the Dirac-operator eigenmodes and inserting momentum eigen-
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states,

Y alkp)pl(Kp) = D (keln)(n|k)

= (kg|kp) = (2n)*6* (kg — k) spinor- (2.78)

Then we get

d4k'E d4k/ —q T _ 7, !
Wy = [ G Sl ) e PRI, (1)

O(k&k};)

d*kp d*K, . . /
/(27-[-) (2 )Etr[O(kE,kE)](QW)4(54(kE—k;E)

d'k
= / 7(%)’1@[6*“% yPePe/A% gikra), (2.79)

Identity derivation

Consider the Euclidean momentum eigenstates |kg). Using the completeness of the
Dirac-operator eigenmodes and inserting momentum eigenstates,

> Unlkp)¥h (k) = D (kgln)(n|kp)

= (kp|kg) = (21)*6* (kg — k) lspinor- (2.80)

Therefore,

Zz,zﬁ (k)0 tn (Kjp) = Ztr[ (ki) O (K|

= 3 [0 (k) ¥} (ko)

= tr

0> tn(kip)vh (kp)

= (2n)*6W (kg — K}) t2(0), (2.81)

where tr is the trace over spinor indices. In the first line we inserted tr since the
quantity is a scalar; this makes it possible to use cyclicity and the completeness
relation.

Remark. More generally, consider arbitrary two vector u and v in vectorspace V,

Try[Olu)(v]] = ZTTV [Olu)(v]n)(n]] = ZTI"V (n|Olu){v|n)]
= Z n|O|u) (v|n)
= (vn)(n|Olu)

= (v|O|u). (2.82)
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Here Try denotes the trace over the vector space )V on which O acts. We use tr for
the trace over spinor indices, and Try, for the trace over an abstract vector space V.

One can calculate the trace part as follows,

. 2 . . 1 ) .
¢ ikET o~ Wu/A gikpr _ —ikpe exp [_AZ {D%DEM - ZSVgVEFuV}] o

ie

1 ) .
= exp [— {(Dl[f} + ’Lk%)(DE“ + ZkEN) 5

5 i |- (289

2
Dy = Y76 DEuDEy
1 1
1 y 1 y
= 5{7737 Ye}DuDy + 5[7%77E]DE}LDEV

1
= DEDg, + ~ [V, ¥4 ((DEw, DEy] + {DEy, DEW})

4
= DiDpy+ 115 B[P Dr), (anti-sym - sym = 0)
= D% Dg, — %6 (ve7E — 787E) Fu
= Di.Dp, — %e (VeYeFuw — Y875 Fuw)
= D%Dp, — %e BT ) B = —
= DDy~ S5 (2.84)
And
kBT RET _ kBT oA )ekEe
= HER(9,)e*ET oA,
= 0, —ieA, + ikg, = D, + ikg,. (2.85)
Introduce the dimensionless momentum I%Zﬂ = —kly /A with k% = ¢4 kg kg, = —0" kg ke,
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Then the trace part becomes

) . r 1 ;
e—lkEiEe—w%}/AQ(ngEz = exp A2 {(D% + k) (Dpy + ikpy) — Z;’VZ“VEFMV}]
(D%DE# -+ Qik%DE'u — k%k‘E#) e v
= exp _— A2 + QAQ%%’YEFW
 klikg, 2ik4Dg, DeDg, ie ,
el vy e Ry v R/ Rl T
., 2ik%Dp, D4%Dg, ie ,
= €eXp _kE - A - A2 + 2A2 FYEPYEFH'V
i 2k, D,  DWYDg, e
= e "E . exp [— n - e + QAQ'V%V?EF#V . (2.86)

The last line of the above equation since it is proportional to the identity matrix which
commutes with all the other elements in exponent. Therefore (2.79) becomes

A : 2kt D DYD j
Wa(zg) = A4/ 'k e_k2E - tr [’7% €xXp <_ ‘ ljx B EA2Eu + QTQ’)/%’V%F#V(:EEQ%%’?)

Expanding the exponential will give a various power of A, however we need to keep only
the terms that will survive once we take the A — oo limit. Since we have the overall A*
factor, we only need to keep the terms up to order A~

We will also take the trace, so we also need to be aware of the gamma matrix structure,

tr (YBYE EVEYE) = —4e", (2.88)

with the convention Y123 = —1.

Derivation and lower power

One can also exploit this formula when the power of gamma matrix lower than 4.
For example

Tr (V3vevs) = Tr (—3veveveh) = 4€#7°° = 0. (2.89)

Thus, only term from (2.87) that will survive the A — oo limit are the second order

~19 —



expansion from the last term in (2.87). In the end we get
W = lim WA
A—o0

kg _io 2ik" - Dp, D Dg ie
— i A4 —k STy |~ N E b ME M F
im /(27r)4 e B ['y exp A e + 9A2 YEVE

A—oo

= lim Wy

A—oo
d*kp _j
BERT 4 —kz . 5 _
= jm A /(2@46 [ {1+ (5t )
]_ ~ ~ ~ 62 W v p o
o\t At s T e e e e b )

A7 _ 2
= lim A4/ d ki e ke . [O . L—l— Lo (—46“VPU)FWF/JU]

ess

AF A#4 A%
d4kE 7.2 62
= lim A* -k """ F, F,
Ab /(2@46 ) (2A4 )

@ /m
T
2

= 555" FuFpo (2.90)

Therefore from (2.53) and (2.75),

J = exp |—i / d'zp e(x) ZwJL(x)vf’wn(x)]
= exp :—i/&ijr;o/d4xE e(a:)WA]

= exp —z / d4er(x)W}

2

3272

— exp |—i / dape(ap)— GWPUFW(Q;E)FW(J;E)]. (2.91)

In the last line we wrote €(zg) explicitly to emphasize that the transformation parameter
is a function of Kuclidean coordinates.

2.3 Non-conservation of the axial current

Using the same logic of (1.16),
218 K) = [ DDV exp |10+ [ ater (Ro+ i) (292
X [1 - /d4ng () {8EuJ(ME)A — (K~ + &75[{)}} ,

where K and K are external sources for 1 and v respectively.
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Using the same logic as in (1.16), we perform an infinitesimal axial rotation and expand
to O(e). After rewriting the integrand in terms of the unprimed fields using the inverse
transformation,

26K K] = [ DD exp|-5lb. 0+ [ ater (Ko+ )|
X [1 — /d4er(:EE) {aEuJ(“E)A —i(Kyg + z/w?EK)}] . (2.93)

Here K and K are external sources for ¢ and 1.

Derivation

One can consider the Dirac action with external sources n and 7,
Z|K,K] = /Dzﬁpw exp [iS[z/_z,ib] +i/d4:r; (K¢+QZK):|. (2.94)
Under the chiral rotation we get,
ZIK,K] = / DyY/'DyY exp [z‘S[w,w] +i / d*z (R¢+¢K)} (2.95)
X exp [—i / d*z e {0, JY — i(Ky°y + @751()}] )
Do the Wick rotation
¥ = —iz%, ' =12%, O =1i0ge, 0i=0m, ' =-1E =7k
then
ZelR. K] = [ DIDY exp |~Sli, ol + [ dop (Ko -+ 5x)] (2.96)
X exp [— / d'rp e {aENJ(ME)A — i(Ky°y + ¢75K)}] ;

where we identified the Euclidean action as

S — iSp= / d*zp 0P p, (2.97)
with
Y(zrgp) = iv(zg) and Y(zg) — Y(rE). (2.98)
We use
V5 DEu = YEDpo + VgDEi = 7" Do + 7' Di = 4Dy, (2.99)

which follows easily from the Wick rotation rule.
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From the (2.54) and (2.91) we know that the modified fermion measure reads

[ pitow = 7 [ Dims
2

_ / DIDY exp [—i / dzpe(zp) 1;2

PR, Fo |, (2.100)

where we use the fact that J is constant with respect to the integral variables. By substi-
tuting this results into (2.93), expanding the exponential, and setting K = 0 and K = 0
gives

62

1672

(OuJly) = Rl P (2.101)

We see that the axial current is no longer conserved, which means that the axial symmetry
is anomalous. This is the chiral anomaly or ABJ anomaly which is named after Adler, Bell,
and Jackiw.

Derivation

218, K) = [ DiDwg = exp | -Selv il + [ o Ko+ ix)]

X [1 - /d4IE e(x) {8EuJ(/LE)A — (K% + ¢75K)}} )
2

= /DQ[_)Dzﬂ exp [i/d4xE e(zg) lg 26’“”"’FWF,)U]
xexp{ Se[,P] + / K¢+¢K)}
X {1—/d4er {QEM K’y5¢+¢’y5K)}]

/Dwzw [1+z/d Tpe :;;E)16

X exp [—SEW,@&] + /d4$E (Ky + 1/’—’0]

et UF,ul/Fpo + 0(62):|

X [1 — /d4xE e(x) {8EMJ(ME)A —i(Ky°y + 15’75K)}]
- /Dq[ﬂw exp [—SEW,J}] + /d“xE (K@ZJHEK)]

x[1+/d4er(mE)

. 9
e vpo > 5 75 2
{16 @I IT aEuJéLE)A+Z(K7 WP+ Py K)}+(’)(e )],
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where J(“ E)A = ipyeyet. Then we require

0= /Dw)zp exp [—SE[zp,w] + /d%E (K¢ + ¥K) (2.102)
. 2 _ _
X /d4mE e(xp) {fgﬁe“”p"FWFpg - aE#J(/’LE)A + (K75 + ¢75K)} .
Take K = K =0,

2
< € vVpo
(OuT{pya) = i7" FuwFpa- (2.103)

Until now, we omit the Euclidean index E to the A,(x) but the above field strength
tensor is defined on the Euclidean space. So we need to inverse Wick rotation to
Minkowski space,

A[) = iAEO — FE[)Z' = aEOAEz — 8EZAE0 = —7:(80./42' — 81A0) = —iFo¢(2.104)

Then
EMVPUFE“,/FEPU = 460iijE0iFEjk = —4i60iij0iij = —gel” paF Fpg, (2105)
where e‘g’p 7 ” “P? Therefore

2 2
m _ . € o By
<aEuJ(E)A> = 1167'('2 E,ul/p FE'p,z/FEpa — <8/LJA> - 167T2

e PO, oo (2.106)
We use

Ot

o = Ol (2.107)

which drive easily from the Wick rotation rule.

.

2.4 The Anomaly with Non-abelian gauge theories

In the previous example the gauge symmetry under which the fermions transform was an
abelian gauge symmetry. We will be eventually interested in QCD where the fermions trans-
form under the fundamental representation of SU(3)¢ which is a non-abelian symmetry.
Fortunately, we only need to modify (2.84),

where Dg, = Opy, — igA}, T® so that [Dgy, D] = —igFp,, 7% The g is the gauge
coupling constant {7} are the generators in the fundamental representation, and F, Ly 18
the gauge field strength tensor. Recall that the main contribution to the anomaly comes
from squaring the second term and taking the trace together with °. Now we also need to
take a trace over the group generators. So all the results in the abelian case can be applied
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to the non-abelian case by replacing

1
T Fyy By > €07 BTy (TOT") = SEITER F (2.109)

where we have used the convention that the generators in the fundamental representation
are normalized by Tr (T%T") = §4/2. Note that for abelian case, Tr (T%T?) = Tr(1) = 1.

We can directly apply this to the massless QCD Lagrangian. By making an axial
rotation given in (2.5) to a single quark the path integral measure changes by

2
/Dqu — /Dqu exp {i/dzle e(xE)Bg‘;Qe“l’p”Gﬁszo]

2 ~
_ / DgDq exp [z / d4er(xE)lg;2 GZVGZV}, (2.110)

where
~ 1
GWY = 56‘“’”‘7(}20. (2.111)

Note that the first line is 32 not 16, compare to the (2.100). This modification corresponds
to a change in the QCD Lagrangian given by

2 ~
L - ﬁ’:[:—i—elg;QGZl,Ga“”. (2.112)

Note that this modification is purely a quantum effect and cannot be seen from a classical
analysis.

Derivation

The chiral anomaly effect in Euclidean space is

B 2
_ — _ . g =
2

= /Dqu exp i/(id4x)e(z) 12;2 (—iGzyézy)}

- 9 3 A
= /Dq‘Dq exp i/d4xe Js GZVGZV] Z/D(ﬂ)qems.

1672

Therefore,

. 2 ~
™5 = exp [i/d4:n AE} = exp [i/d4xelg;2 GZVGZV] (2.114)

Also it turns out that Gzyé““” is a total derivative. It can be written as
GG = 9, @7 (A5G, — L peagAbAs )| = 0,6, (2.115)

where I is the Chern-Simons current. So, at first sight it seems that it should not con-
tribute to the local equations of motion, and sholud be irrelevant. This is not true though.
The QCD has a complicated vacuum structure, and this term will play a vital role.
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3 Instantons and 0 vacua

In the last subsection, we have seen that a chiral rotation ¢ — €*3¢ of a single quark flavor
modifies the QCD Lagrangian as shown in (2.112). We also mentioned that the induced
term can be written as a total derivative of the so-called Chern—Simons current CH, cf.
(2.115). One might therefore think that this term is irrelevant because it does not affect
the classical equations of motion. However, this statement is true only at the perturbative
level. This term crucially affects the vacuum structure of QCD, albeit non-perturbatively.
Furthermore, this effect does not depend on whether the gauge coupling constant gs is
small or not. Non-perturbative effects can be present even if the theory is weakly coupled.

In quantum mechanics, we have already studied tunneling through a potential barrier.
In the WKB approximation, the transmission amplitude behaves as

7(E)| ~ exp [—711/ dz\/2m (V@) — B)| [1 + O(h)], (3.1)

1

where E' < Viax and z7,z2 are the classical turning points defined by V(z12) = E. No
matter how small the coupling in the potential V is, this effect can not be seen in any order
of perturbation theory. Hence, it is strictly a non-perturbative phenomenon. There are also
phenomena in quantum field theory that are analogs of barrier penetration in quantum
mechanics.

3.1 Instantons in quantum mechanics

We consider a particle of unit mass in one dimension with the Hamiltonian,

H = ])22 + V(z). (3.2)

Then the transition amplitude is defined as

T
.I'f,g

xi, —§> = <mf]e_%HT]aci> = N/Dm e%Sm, (3.3)
where
s— " a [1 (“)2 _ V(a:)] . (3.4)
—T/2 2\ dt
By performing a Wick rotation, we can write the Euclidean time,
r—it = (ogle Mgy = N/D:c e=Se/h (3.5)
where

(3.6)

— 95—



The Euclidean functional integral represents a sum over all paths z(7) that obey the bound-
ary conditions

x(=T/2) = x;, x(T/2) = xy. (3.7)

We see that the Euclidean action has the same structure as the Minkowski action S in
real time, but it leads to classical motion in the inverted potential —V'(z).

In the semi-classical limit where A — 0, the Euclidean path integral is dominated
by the stationary points of the Euclidean action. The corresponding classical equation of
motion is

dSE[z]
ox

d2$cl (T) . dl
dr? dx

=0 —

=T

=0. (3.8)

T=ZTcl (T)

Derivation

Consider a expansion of non-stationary point xg,

SE(xQ + 6) ~ SE(QL'()) + S};(a:o)e, (3.9)
where
e=x—x0 € [wo — A,x0+ A (3.10)

Then

A
Jzo] = /D:v e 58/l ~ /Ade exp |:—71:LSE($0 —l—e)] (3.11)

A S (z
_ —Ss()/h / deo— B0
—A

’ A
_ _o~Su@o)/n. D [e%;w}
/
S (o) _A

_ Seo)/n, D [oSE0a/h _ o=shpianam)
SE($O)

_ o—Sno)/h

2 ) p
S (z0) -sinh [S%(z0)A/R]

__h —Sp(z0—A)/h _ . —Sp(zo+A)/k
= S7(z0) [e ¢ ]

The expansion of minimum point x,,

1
Sg(z« +€) = Sp(zs) + 55}3(@)62, (3.12)
where
EST— Ty € [T4 — A,z + A (3.13)
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Note that that A is not same as above A in (3.10). Then

Jlxi] = /dm e 5B/ de exp [ ;LSE (@x + e)]

A @
*SE o /h/ dee SE( *) €2
A

o0 T
- _SE - /h/ de o SE( ) 2
oo

_ ~Sp(@)/h, | _2Th 14
S .

Without lose generality, one can assume S7(xg) > 0, then calculate

h
Jlzo] = . [e—sEmo—A)/h _ e—sE(xo+A)/ﬁ] (3.15)
Sg(wo)
_ 5/7(1 ) —Sp(@)/h [e,sE(zmA}gfsEm) - Smlotd)-Spe)
E\TO
" P RICH YU S h =SB/ 6]k
Sg(o) Sz (@0)

Note that one can always find the § > 0, for sufficiently small A, which does not
contain the global minimum x.. Therefore,

h —Sg(x«)/h,—6/h
J[l'o] ~ 75}3@0)6 B( )/le /h _ /S// x* / ,5/;1 h—0 0 (3 16)
2T

~ e
J|zx —Su(z)/h 27h
[2+] o—SE(zs)/ S

3.1.1 Double-well potential

Consider a potential that has two minima located at x = +a, corresponding to the classical
ground states of the system. In Euclidean time, the equation of motion can be interpreted
as classical motion in the inverted potential —V'(z), so the minima of V' become maxima of
—V. Suppose the particle starts at one of these maxima. Then there are two qualitatively
different solutions

e The particle can remain at the maximum where it started.

e It can move from one maximum to the other.
In Minkowski time, the first solution corresponds to a particle initially sitting in one of the
minima and remaining there, as expected classically. The second corresponds to quantum
tunneling between the two minima. Thus, tunneling is represented by a classical solution

of the Fuclidean equations of motion (an instanton), even though it has no counterpart as
a real-time classical trajectory.
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Consider a particle that starts at the left maximum of the Euclidean (inverted) poten-
tial and ends at the right maximum,

z(—o00)=—a — z(+00)=+a. (3.17)

The conserved Euclidean energy is

fo % <Zf)2 V(). (3.18)

For an instanton satisfying z(r — +oc0) = +a with Z—f — 0 and with the convention
V(+a) = 0, we have Eg = 0. With EFr = 0, we obtain

N )] (3.19)

and hence

z(T) /
T—Tp= :I:/ _dr (3.20)

(t0) V/ QV(ZJ)'

For the quartic double-well potential
%2 (3.21)
the condition Er = 0 gives, for the trajectory from —a to +a,

;Li = V2V(z) = \E(a2 — %), (3.22)

2

where we used |22 — a?| = a® — 22 along z € [—a, a]. Separating variables,

o= \/E/OI(T) azd_m,x,z = i\/f arctanh(m(;)) . (3.23)
() = a tanh [CL\/E(T - To)] . (3.24)

This solution is known as an instanton with the center at 7g. Similarly, we can construct

Therefore,

solutions that start at the right maximum to the left maximum,
r(—o0) =4+a — x(+00)= —a. (3.25)

These are called anti-instantons.
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3.2 Euclidean Yang-Mills action

The action for a generic Yang-Mills theory in Minkowski space is
1 4 v 1 4 a apy
Sym = —5 d*x Tr(GG") = ~1 d'z G}, G"". (3.26)

Here we use the standard normalization Tr(7°T°%) = £6%°. The G, is the Lie-algebra-
valued field strength defined by

Guv = Ay — 0y Ay —ig[Ay, A = G, T, (3.27)
with A, being the Lie-algebra valued gauge potential,
A= AT, (3.28)
where {7} are the generators of G. The components of G, are
GY, = 0, A% — 0, A% + gf ™" AD AL, (3.29)
where f%¢ are the structure constants such that
(7%, T = ifebeTe, (3.30)

For QCD, the gauge group is G = SU(3)., the gauge potentials {Af, 8_, are the gluons,
and T% = \%/2 where {\*}5_, are the Gell-Mann matrices.
Under a gauge transformation U € G, the gauge potential transforms as

A, — UAU+ ;UauU‘l, (3.31)
while the transformation law for the field strength is
Guw — UGLU (3.32)
One can perform the Wick rotation as,
2% =iz, Opo= —idy,  Apo = —iAy. (3.33)
From (3.29) we also get

Ghio = OmiAly — OpoALy; + gf " Al ARy = —iGly
G’ = 0pAY — ORAY + gf " ARAG = iG™, (3.34)

while the other components remain unchanged. Therefore, the Yang-Mills action in Eu-
clidean coordinates reads

Sy = i / d'zp Gy, GH" =iSPY M. (3.35)

Note that the metric in Euclidean spacetime is —d,,,, so raising and lowering indices only
introduces an overall minus sign.
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3.3 Topology of the Yang-Mills vacuum

We want to explore the vacuum structure of Yang—Mills theory within the semiclassical
approximation. The first step is to identify field configurations (classical solutions) that
minimize the Euclidean action. From the Euclidean Yang-Mills action (3.35), one finds
that it is positive definite, and hence it is minimized when the field strength vanishes,

G|y = O (3.36)

However, this does not mean that the gauge potential must vanish. Using the gauge trans-
formation laws (3.31) and (3.32), one sees that there exist gauge potentials with vanishing
field strength,

2 () = g Ulep) Op,U " (2p), (3.37)

for which Gg,, = 0. In particular, choosing U = I gives Ag, = 0. Gauge fields of this
form are called pure gauges and represent classical vacuum configurations. Distinct vacua
are classified by the homotopy classes of the gauge transformations U at spatial infinity
(winding number).

Each gauge transformation U(xg) is, in general, a map
U(zg) : R*Euclidean spacetime) —  G(gauge group). (3.38)

We can employ the gauge freedom in the Yang-Mills theory and choose the temporal gauge,
where

Apo(zg) =0, (temporal gauge). (3.39)

In this gauge, vacuum configurations may be taken to be time-independent,

i
A = - -1 ) A
Bl gU(xE)VU (xg) (3.40)

Furthermore, we restrict attention to tunneling configurations for which the Euclidean
Yang-Mills action is finite, Sg < co. This restriction is natural for two reasons:

e In the semiclassical approximation, the path integral is dominated by configurations
with finite Sg, since contributions are weighted by e™# (up to conventions).

e Finite Sg forces the field strength to vanish at Euclidean infinity, so the fields ap-

proach vacuum configurations asymptotically; this is precisely the setting in which
tunneling between vacua is well-defined.
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Derivation

Consider
1 " 1 2
1
where

. 1
Ei = Goi = 4 — Dido, Bi=—genGn,  Di=0; —iglAi, ],

with
55 a Oa .
— =0 - (D;E;)*=J"°=0 (Gauss constraints).
0Ap
The canonical momentum is
a oc 1 a m — o

Then the Hamiltonian is

. 2 1
H=I2A% — L = ?Tr [Ei(E; + D;Ag)] — ?Tr(Ef — B
1 2

= ?’[&"(Ef + B2) + ?TY(EiDiAO).

Using integration by parts,

/d%Tr(EZ-DiAO) /d3xTr [(D;E;)Ag) +/d3xTr i(E;Ag)).

From the constraints (3.43) and temporal gauge (3.39), we get
1
7‘[ = ?TI‘(EZEfL + Bsz)
The Euclidean Lagrangian is

1 » 1
i — 2—g2Tr(GEWG% ) = Q—QQTT 2(Gr0i)? + GrijGrij)
1
= ?TY(E?% + BEy),

where

1
Ep; = GEoi, Bp; = _§€ijkGEjk-

Note that

E; = iEg;, B; = Bg;.

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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It turns out this condition requires us to choose the gauge transformations to that
approach to the identity at spatial infinity,

Uxg) — I as |xp| — oo. (3.51)

This means that we can treat the spatial infinity as a same point. Then one can do the
one-point compactification of R? to S3. Finally, the gauge transformation parameter U(xg)

as a map
Uixg): S° — G. (3.52)

3.3.1 Winding number

We are interested in QCD so we choose G = SU(3). It turns out we can further restrict
SU(3) to its subgroup thanks to a powerful theorem by Raoul Bott which states that any
continuous mapping of S into G can be continuously deformed into a mapping into an
SU(2) subgroup of G.

In order to gain some intuition, let us start with a much simpler case which is the
classification of the maps from S! to S'. The map is given by

f:St =St f(ef) = 0 (3.53)
with a continuous lift ¢ : R — R satisfying ¢(0 + 27) = ¢(6) + 27n for some integer n, and
St ={e |6 e [0,2n)}. (3.54)

We have the following options:

e Mapping S! to a single point. This is the trivial map, which sends every point to a
constant element of S*,

fo(e®y =1, v, (3.55)
with zero winding number, n = 0.
e Mapping S! into a finite subset of S*,
fo(e?) = {e'1 %2, . ek} V8. (3.56)

However this map can transform smoothly to trivial map, thus it is in the same

winding number n = 0.
e Mapping S! to itself once with the same orientation,
fr(e=e? o  ¢0)=0. (3.57)

This map cannot homotopic(continuously transform) to trivial map. Then the wind-
ing number is

_Ad_ 92m) — 6(0)

=1. 3.58
2T 2T ( )

~32 -



e Mapping S! into the full S* identically but opposite direction of the increasing angle,

fo(e)y=e" & $H) = —0. (3.59)
The winding number is
Ap —21-0

e Mapping S! into the S! at the target range more than one times,
fale®)y =em & $(0) =nb. (3.61)

Then the winding number is

A¢p 2nm—0
=—"=—. .62
" 27 27 (3.62)
Equivalently, the winding number can be written as
12" do(d)
= — dg ——. 3.63
" 2 0 d@ ( )

This example shows that we can classify the maps from S' to S' by a countable infinite
number of equivalence classes labeled by an integer winding number.
If we define a product of maps by pointwise multiplication in the target S?,

(fn- fm)(eie) = fn(eie) fm(eia)a (3.64)
then
(fn ) fm)(ew) = eMfeimt = ¢ilntmf — fn-l—m(eie)a (3'65)

so the winding numbers add. More generally, the set of homotopy classes of maps S™ — X
forms the m-th homotopy group m,,,(X). In particular, for X = S™ we write m,,(S™), where
m and n are the dimensions of the domain and target spheres, respectively. In other words,
the homotopy group of the maps from S™ to S”. For example, m = 1 case is corresponding
to loop concatenation.

For the maps from S' to S we have shown that

m1(SY) = Z. (3.66)
This extends to higher dimensions, for every d > 1 one has

ma(S7)

Z. (3.67)

In particular, our interested case is

m3(S°) = Z. (3.68)
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With this results we can classify the zero-energy states, meaning the pure gauges denoted
by the winding number of U by defining

i _
Apw)| = -Un(xp)VU)(xp), (3.69)
vac 9

where U,y has the winding number n. This analysis shows that Yang-Mills theory (and
in particular QCD) admits a countably infinite family of classically degenerate vacuum
configurations labeled by an integer n. The true quantum vacuum is not any single |n)
state, but rather an appropriate superposition (the  vacuum), as we shall see.

3.3.2 Yang-Mills Instantons
Consider that we start at the pure gauge configuration Agvac at 7 = —oo with the

winding number n, and will end at the pure gauge ASETL) lvac at 7 = 400 with the winding
number m = n + 1. From the Euclidean Yang-Mills action (3.35), the equation of motion
is

D,G,, = 0,G,, —ig[A,, G = 0. (3.70)
The solution to this equation Ag;
is called a Yang-Mills instanton. Explicitly, the solution is

(zg) subject to the boundary conditions mentioned above

- g UZV(OCEV — 2gy)T¢

€))
AE“(xE) B g (93Eu - ZE#)2 + p%’

(3.71)

where {7} are the SU(2) generators, p is a parameter corresponding to the 4D size of
instanton, z denotes the instanton center, and 7y, is the 't Hooft symbol,

77,31/ = daudor — davdou + €apm0, €o123 = +1. (3.72)
Some properties can be read directly from the solution:

e Its spin (Lorentz index) is coupled with the color orientation via the 't Hooft symbol.

e Its contribution is genuinely non-perturbative, being weighted by e™57 with S; ~
872 /g%, and thus it is invisible at any finite order in perturbation theory.

e The configuration is localized around zp with characteristic size p. For r = |zp —
2g| > p (in regular gauge),
1
%M(JUE) ~ (3.73)

With the same logic, one can get a Yang-Mills anti-instanton by choosing m =n — 1.
The solution is identical to the instanton solution except one uses the anti-self-dual 't Hooft
symbol,

7721/ = _6au501/ + 5au50u + €apv0- (3.74)
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Consider a rank-two antisymmetric tensor X,,. Its Hodge dual is

1
X/UJ = §€/u/p0'Xp0'- (375)
The definition of (anti-) self-dual is
X/uz = iqu- (376)

From the 't Hooft symbol, one can find

1 _ 1 _
nﬁu = +§€,u1/pcr772m nfw = _§€uupangg- (3'77)

3.3.3 Instanton action

From the instanton solution given in (3.70), we can easily get the corresponding instanton
field strength as

4/)2 773117'&
rR) = ——— . 3.78
CE) = = e = 25,7 ¥ PP (3.78)

I
Gt

From this one can calculate the instanton action in Euclidean space as

}_W

T (3.79)

Euv~"FEuv

/ PrT G“ ath

The anti-instanton has the same action. More generally, a configuration that interpolates
between vacua with winding numbers n and m, the minimal action in that sector is

8 2
S = g” Im — n. (3.80)

We see that the instanton action is finite and strictly positive. Moreover, S; does not
depend on:

e the position zg of the instanton, by translational invariance;
e the global SU(2) color orientation (embedding) of the solution, by gauge symmetry;
e the size p, due to the classical scale invariance of the Yang—Mills Lagrangian.

Note that this scale invariance is a classical symmetry; in the quantum theory it is broken

by the trace anomaly (equivalently by the running of the gauge coupling), which makes
the instanton size distribution p-dependent.
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3.4 Quark zero modes and index theorems

Previously in Anomalies section, we have derived the chiral anomaly that arises by per-
forming a chiral transformation ¢ — €®¥¢q to a single quark q as

9 .
ang::é;EI%[GuyGﬂﬂ. (3.81)

We have also stated that Gzyéa“” can be written as a total derivative of the Chern-Simons
current KF as

G, G = 0, [ (A5G, — SpeasAbas )| = o,k (3.82)

This implies that the integral of (3.81) over the Euclidean spacetime should yield a quan-

tity that depends only on the boundary, meaning topological. Now we demonstrate this

explicitly and, in the process, connect it to fermionic zero modes and an index theorem.
We define the following quantity in Euclidean space,

2 ~
Qzléy/fmT%QmﬂgL (3.83)

which is called the topological charge. From the anomaly section, we can see that this term
can be expressed as (2.75)

Q= Jim S0 [ dtap vl (op) i (e, (3:84)

where A\, and v, are the eigenvalues and the eigenfunctions of the Euclidean Dirac oper-
ator,

lDEwm(-rE) = )\mwm(xE) (3'85)

It can be shown that the Euclidean Dirac operator Iz anti-commutes with 'y%. Then
lDE’Y%‘wn(xE) = —’Y%]DE%(JUE) = _)\n’Y%T/}n(‘TE) (386)

Derivation

From the definition of Euclidean gamma matrices (2.15), one can find its anticom-
mutation. Without loss of generality consider p = 0,

(78,72} = 7¥7% + e
= VeV EVEVETYE + YBTEYETVEVE
= —YEVEVE + YEVEVE = 0. (3.87)

Therefore,

{¥5,7%} = 0. (3.88)
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Using this result, the Euclidean Dirac operator is

Devy = YeDruvs = YeveDey = —VaveDEy = Vo DE, (3.89)

where we use [DE;/,,’Y?;] = 0, because covariant derivative is simple derivative in
spinor space and *y% is constant matrix in spinor space. Therefore,

{Dp, 7%} = 0. (3.90)

Thus each eigenfunction ¢, (zg) with a positive eigenvalue A, > 0, there exists another
eigenfunction

Yon(p) = Vin(rE), (3.91)

with the opposite sign eigenvalue

Prt—n(zp) = —Mth-n(zp),  Ap =M. (3.92)

Therefore, non-vanishing eigenvalues appear in the spectrum are paired and cancel.

The remaining eigenfunctions with A = 0 are called zero modes. Let us denote them by
Yor(zE), k=1,...,n0. They can be decomposed into definite chirality components using
the projectors

_1+43

Py 5 Yox(@E) = Pethop(ep). (3.93)
In particular,
Vo (ee) = £g,(ep). (3.94)
For A\, # 0,
[ dapvioiin = [ dap vl =0 (3.95)

since 1, and ¥ _,,, have different eigenvalues of the Hermitian operator Dg and are therefore
orthogonal. Therefore only zero modes contribute to (3.84), and we obtain

Q= - [ sl o
k

==Y [ aten [0 - 0 i
k
. (3.96)

where ny is the number of zero modes of chirality + in the given background gauge field,
and we used orthonormality of the eigenfunctions. We see that () must be an integer and
cannot change under smooth variations of the background gluon field. This is why @ is
called the topological charge. This is a special case of the celebrated Atiyah-Singer index
theorem for the Euclidean Dirac operator.
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Derivation

Consider

Yo xTB¥Eor = Whor + Vo) VB Whok + YE0x)
= (Ypox + wEO,k)T(¢EO,k —VEok)

= (¢EO,I€>T¢EOJ€ - (¢Eo,k>T¢Eo,kv (3.97)

where Py are projection operators satisfying P, + P. = I and P? = Py. This is
simply the standard chiral decomposition.

3.4.1 Classification of the gluon fields with the topological charge

Since the topological charge @) takes only integer values and is invariant under continuous
deformations of the gauge field, it provides a convenient topological label for classifying
gauge-field configurations. How is this classification implemented explicitly?

We restrict attention to gluon fields with finite Euclidean action. Finite action requires
the field strength to fall off sufficiently fast at infinity so that

/d4xE Tr(GruGh) < oo, (3.98)

which in particular implies Ggu (vg) = O(1/r%) as r = |vg| — co. As a result, the gauge
field approaches a pure gauge configuration at infinity. Therefore

lim  Apg,(xp) = éUaE#U’l. (3.99)

|xg|—o0

This is precisely the winding-number classification of the asymptotic pure gauge U (cf.
(3.69)): at infinity one has a map U : S — SU(3), whose homotopy class is labeled by an
integer. We already know that the homotopy group is

m3(8%) = Z. (3.100)

This shows that finite-action Euclidean gauge fields in QCD decompose into topologically
distinct sectors labeled by an integer ) € Z. This integer is the Pontryagin index (topo-
logical charge) of the gauge field.

3.4.2 Topological charge of the instantons

Since the instanton and anti-instanton solutions (3.70) approach a pure gauge at infin-
ity (the boundary condition (3.99)), we can evaluate their topological charges. Since the
instanton field strength is self-dual, its topological charge can be computed directly

2

9 4 I AW
Qr = 162 /d zpTr |:GE/.U/GE,UJ/i|

2
_ 9 4 (1 A ] _
-5 /d opTr [GEWGEW} ~1, (3.101)

where we use the instanton action (3.79). Similarly, for the anti-instanton (which is anti-
self-dual), one finds Q7 = —1.
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3.5 Hidden # parameter via the Cluster Decomposition

After the discussion of the QCD vacuum and the classification of the gluon fields according
to their topological charge, we now demonstrate that these non-trivial properties force us
to add another term to the QCD Lagrangian.

Let O[A,q,q] be an operator consisting of quarks and gluons. We assume that the
vacuum expectation value (VEV) of this operator is strongly localized in a spacetime
volume V. This assumption is reasonable, since QCD confines at low energy. This strong
localization implies that the VEV is non-zero only in a small sub-volume V; C V. Using
the FEuclidean path integral, we can write an expression for this VEV in the most general
form as

B | DgDgDA O[A,q,q‘]e_SE[A’q’q]

(0l0]0)y = [ DgDIDAcSelAad (3.102)

where |0) is the vacuum state which is yet to be specified. Since the following argument
concerns only the gauge-field topological sectors, we suppress the quark integrations and
write the path integral schematically over A only.

In the previous section we have seen that the gluon fields for which the Euclidean
action is finite are classified according to their topological charge (). Then one can write

the VEV as

Yow(Q) [ DAG O[Ale= el

0|010) = , 3.103

OO = 5 (@) [ DAg e el 10

where the sum is from @ = —oo to @ = 400, and w(Q) is an unknown weight function.
Let us split the Euclidean spacetime volume into two widely separated regions,

V="V +W. (3.104)

For configurations in which V; and Vs are well separated, we may write
SplA; V] ~ SplAsVi] + Se[4:Va], QIAV] = QAN+ QA Va]. (3.105)

Although Q[A;V)] is an integer for finite-action configurations on all of R*, the partial
integrals Q[A;V;] and Q[A;Vs] need not be integers because V; and Vs, have an artificial
boundary between them. Nevertheless, for instanton-like configurations whose topological
charge density is localized, and for widely separated regions, Q[A; V1] and Q[A; Vs] are well
approximated by integers. The factorization of the topological charge allows us to factorize
the path integral measure as

ZQ:W(Q)/DAQ N ZQ:“’(Q) %:/DAS?)%:/DA&Q) 1 0Q.01+Q>
=YY w(@ +Q2)/Df4‘gl) /1754‘22 (3.106)

Q1 Q2

-39 —



So the VEV becomes
o ZQl ZQQ W(Ql + QZ) IDAS?)O[AQJG_SE[Vl] IDAS);)G_SE[VQ}
>0, 20, wW( @1+ Q2) [ DAgll)e—SE[Vﬂ [D ASZ%—SEM

Note that we took O[Ag] = O[Ag,] since O is assumed to be strongly localized in V. This
assumption also implies that the VEV should not depend on anything in Vs as a result of

(0[0[0)y

. (3.107)

the principle of cluster decomposition. From (3.107), one can observe that this is possible
if

w(Q1 + Q2) = w(Q1) - w(Q2). (3.108)
This functional equation on Z implies
w(Q) = e, (3.109)

Requiring w(@) to remain bounded for both @ — +oc0 and  — —oo forces Re(c) = 0,
hence ¢ = i6 with 6 € R. Since @ € Z, the parameter is 2m-periodic, 6 ~ 0 + 2,

w(Q) = €9, 6 € R mod 2. (3.110)

where we have introduced the #-parameter. This f-parameter should be real since the
weight function w(@Q) should be finite for all Q) € (—oo0, +00). Then the Q2 dependent terms
cancel in (3.107),

ZQl £1Q10 fDAgll) O[AQl]e—SE[VI]

(0]0)0)y = ;
Sg, €910 [ DAY e-5uDi
DAO[Ale 5k
_J fDA[e—]% 7 (3.111)

where S, = Sg[A] — i@ Q[A]. It implies that summing over the topological charges is
equivalent to adding a #-dependent parameter into the action. By using the definition of
Q@ (3.83), the new action becomes explicitly

.9 2 5
St = Sp — iﬁfﬁ /d%E Tr [GEWG%”} . (3.112)
Rotating back to Minkowski space using our Wick-rotation conventions (2.105).
. y 09> 4 -
S=iSp = & =S+ [deT [GWG“ } . (3.113)
We conclude that the QCD Lagrangian must allow an additional CP-violating term,
1 77 992 v
Locp = —5 T [GuG) + 15T (e
1 a ap 092 a ap
= —— v v, 114
4GWG + 39,2 GG (3.114)

The additional term is called the -term. This analysis shows that QCD contains a hidden
parameter 6 (defined modulo 27), which weights the contributions of different topological
sectors.
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3.6 Theta vacua

Finally, we define the vacuum states of QCD. We consider a set of “candidate” vacua |n)
labeled by the winding number n € Z. The physical vacuum depends on the parameter 6
and is given by

o

0)= > " n). (3.115)

n=—0oo

This state is called a # vacuum. Each 6 value corresponds to another vacuum state. More
importantly, different values of 6 label distinct superselection sectors: no gauge-invariant
local operator can connect |01) to |03) for 61 # 6. To see this, consider the time-ordered
product T'(O10; - - - ) of gauge-invariant operators. Let |#;) and |f2) be two 6 vacua with
01 # 0. Let |01) and |03) are two vacua with 61 # 63. Then

(01T (0105 -+ -)|Bg) = "2 (m| (0104 -+ ) |n). (3.116)

m,n

Since (m|T' (0102 ---)|n) depends only on the difference QQ = n — m, we may write
(m|T(O0104---)|n) = F(Q). (3.117)
Then (3.116) becomes

<91’T(0102 s )‘92) = Z em(92_91) Z eiQ91 F(Q)

nez QEZ
=21 6(02 — 61) Y e F(Q). (3.118)
QEZ

This equation is zero if 61 # 0. This superselection rule indicates that 6 is a genuine
parameter labeling the Yang—Mills vacuum: different 6 correspond to distinct superselection
sectors (equivalently, different choices of the § vacuum).

4 The Strong CP Problem

4.1 The QCD Lagrangian

We start by writing the QCD Lagrangian in the flavor basis where the quark mass matrix
is diagonal,

1 L _
Lacp = — GG + 3 (iahq — mqda). (1)
q

Here each ¢ denotes a Dirac spinor field for a given quark flavor. Its Dirac adjoint is
g = q'7°, where {7#} are the gamma matrices. The G}, 1s the gluon field strength given
by

G, = 0, A% — 0, A% + gs fabCAZA,i, (4.2)
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where g is the gauge coupling constant. The eight gluons are described by the gauge
fields AZ, where the adjoint index a = 1,...,8 labels the color generators. The structure
constants appear in the non-Abelian term because the gauge field is Lie-algebra valued and
the generators satisfy [T, T?] = if®°T*. Equivalently, in the adjoint representation one

has (T:dj)bc = —if%, The kinetic term for the quarks is

qPq = " Dyuq
= G v"(Dpu)ij aj
= " (050, — i9sAL(T)i5) 45 (4.3)

where ¢ and j are the color indices of the quarks. Here {7} are the generators of SU(3).
in the fundamental representation. This reflects the fact that quarks transform in the
fundamental representation of SU(3).. We choose T = \*/2, where {\*} are the Gell-
Mann matrices.

4.2 Quark masses in the Standard Model
4.2.1 Electroweak symmetry breaking
Recall the Standard Model (SM) is based on the gauge group

SU3).@SUR2)pw @ U(1)y. (4.4)

The fermion masses are generated via the Electroweak symmetry breaking where the sub-
group SU(2)pw ® U(1)y is spontaneously broken to U(1)gps-

The gauge group SU(2)gw ® U(1)y describes the Electroweak Theory which unifies
the weak interactions and the electromagnetism. The SU(2) part consists of three gauge
bosons {Wy¢ 3_, and U(1)y has By, For the electroweak symmetry breaking to occur, one
also needs the Higgs multiplet H which is a complex doublet that transforms as an SU(2)
doublet with hypercharge Y = 4+1/2. The Lagrangian is

1

1
EEW — 4Wl(jVWaHV _

BB + (D'H)(D,H) -~ V(H'H), (4.5)

where W, and By, are field strength tensors for the SU(2)gw and U(1)y respectively.
The covariant derivative is given by

/
D, H = (aﬂ —igWirt — ing“) H, (4.6)

where g and ¢’ are the gauge couplings of SU(2) and U(1)y, respectively. The 7@ = ¢%/2 are
the SU(2) generators and the coefficient in front of the B, term comes from the hypercharge
of the Higgs doublet.

The potential V(HTH) is such that the Higgs doublet obtains a VEV which without

loss of generality can be chosen as
v [0
HY=— ) 4.7
(1) = (1> (4.7)
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where v ~ 250 GeV. One can redefine the Higgs field around this VEV as

1 o 0
H=— j , 4.8
V2 P (U + h) (4:8)

where h is a scalar excitation which will be identified with the Higgs particle. Note that

in the case of spontaneous breaking of a global symmetry, 7 were the Goldstone bosons.
However, in this case, the broken symmetry is a gauge symmetry. So the transformation law
for {m®} describes a gauge redundancy and we can take this gauge freedom to set 7% = 0,
called the Unitary gauge. This gauge fixing is very convenient in the study of spontaneous
breaking of gauge symmetries since it removes the kinetic mixing between 7 and the gauge
bosons.
In the unitary gauge, the kinetic term becomes

g%?
8
This result shows that the gauge bosons Wg’ and B, mix with each other. The VV,}’2 and
certain combination of Wj’ and B, are massive. To find the spectrum we need to diagonalize

g g
(D*H)'(D,H) = WaW ' W W2 4 <gB“ — W3”) (gBM — Wj) + h—terms} .

the mass terms. This can be achieved by defining

~

Z,, = cos by Wi’ — sin by By, A, =sinfby Wi + cos Oy By, tan Oy = % (4.9)
Then one can show that the Lagrangian contains terms like
1 1 1 qu
Lew D —-F,F* — ~7,,7" + —m%2,7", = , 4.10
BW =2y te TR AT 2= 5 cos by (4.10)

where F),, = 0,A, —0,A, and Z,,, = 0,Z, — 0, Z,,. Here, A, is the photon of electromag-
netism, while Z,, is a massive spin-1 boson known as the Z-boson.
Redefine W), field as eigenstates which are charged under the electromagnetism,

W= ;<W; ¥ Wj). (4.11)
Then the Lagrangian in this field basis,
Lew D —%WJVW_W +my WIWTE W = 0,W, - 0,W,, (4.12)
with
myy = %. (4.13)

These are the W bosons of the Standard Model.

In summary, when the gauge symmetry is spontaneously broken, the W and the Z
bosons should acquire an additional degree of freedom. This comes from the complex Higgs
doublet degree of freedom before the symmetry breaking. Its three degrees of freedom are
transferred to the gauge bosons while the remaning degree of freedom is the scalar excitation
h which is nothing but the Higgs boson of the Standard Model.

D.OF : {W{, By, Hy = (3x2,2,4) — (W, Z,, Ay, h} = (2% 3, 3, 2, 1). (4.14)

This is often summarized by saying that the gauge bosons “eat” the Goldstone modes and
become massive.
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4.2.2 Fermions in the Standard Model

The electroweak theory is chiral and maximally parity-violating, since the SU(2) gy gauge
bosons couple only to left-handed fermions. Within the Standard Model this chiral structure
is an input, the model does not predict why Nature chooses it.

The above statement means that the left-handed fermions are arranged into SU(2) gw
doublets that transform under the fundamental representation, whereas the right-handed
fermions are SU(2) gy singlets. The lepton doublets

{() () )
€L HL TL

where e, u, 7 denote the electron, muon, and tau, respectively, and v’s are the corresponding
neutrinos. The index ¢ labels the generation. The right-handed fermions are represented by

63% = {eRa KR, TR}? u;{ = {’LLR, CR, tR}v }2 = {de SR» bR} (416)

One needs to specify the hypercharges. These are given by

1 1

L: —- =1 D=
2 ‘B @5

2 1 1
Do dr: —= H: -
“R3 RT3 2’

where @ is the left-handed quarks doublet.

4.2.3 Fermion masses

Now recall that a Dirac mass term for a fermion can be written as

Lpirac D mLr +hir). (4.17)

However, such a term cannot be written as a renormalizable gauge-invariant operator,
because 91, and ¢g transform differently under SU(2)gw x U(1)y.
For the electron one can write the Yukawa interaction

Lyukawa = —Ye Le H ep + h.c., (4.18)

where . is a dimensionless coupling called Yukawa coupling constant. After the electroweak
symmetry breaking, H gets a VEV and this term becomes

VYe ,_ _ _ YeV
Lyukawa O ——— (€per + €rer) = —meeée, Me = . 4.19
Yukawa \/ﬁ( Ler + €rer) e “= 7 (4.19)

This is a mass term for the electron where m, = yv/+/2. With terms like these, the charged
leptons e, u, 7 and the down-type quarks d, s, b get their masses.
To give the up-type quarks u, ¢, t their masses, one uses an interaction of the form

Lyvuakawa D —yu @ Hup +h.c.,  H=io’H". (4.20)
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Therefore, all the quark masses can be generated via the Yukawa interaction

£Yuakawa = —y%QZHd% - y%QZﬁug% + h.c.

Vol ami (O i uAi (L)

where there is implicit summation over the generation indices ¢ and j. One can rewrite this

: (4.21)

interaction by introducing vectors,

ur, = {ur,cr,tr}, dr = {dr,sr,br} (4.22)
ur = {ur,cr,tr},  dr={dr,sr,br}, (4.23)

then

Lonass = . (d}yddR + uTLyuuR) + h.c., (4.24)
V2

where gy, and yg4 are called up and down Yukawa matrices respectively. Note that these
matrices are not diagonal in general which implies that the mass matrix is also not diagonal.
The expression in (4.24) is written in the flavour basis since it is written in terms of quark
flavours u, d, s, c, b and t.

It is possible to diagonalize the mass matrix though. In general, the Yukawa matrices
are not hermitian. However, ydyzl and yuyl are. So as a consequence of the finite dimensional
spectral theorem, they can be diagonalized via the unitary matrices, and the resulting

diagonal matrix has only real entries. Therefore, one can write
ydy:; = Und%UT7 yuyL = UuMquIv (4.25)

where U, and U, are unitary, and M, and M, are diagonal matrices. Using this diagonal-
ization, the Yukawa matrices as

ya = UMKl gy = UMK}, (4.26)

where K, and K, are another unitary matrices. With these definitions, the mass term
(4.24) takes the form

v
Emass = _\ﬁ

To get a Lagrangian in the so-called mass basis, we make a change of basis as

(AL UMK dR + ul U, M, K ug) + h.c. . (4.27)

dR — KddR, d;, — UddL, uprp — KuuR, uy, — Uyur. (4.28)

In this basis, the mass matrix is diagonal,

3
Lonass = — Z (mgdzidR,i + mfu}zuRﬁ) + h.c., (4.29)
=1

where m?’“ is the elements of the diagonal matrices of mid = M,.q/ V2.
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4.2.4 Cabibbo-Kobayashi-Maskawa (CKM) matrix

The interactions of the quarks with the electroweak gauge bosons are flavour-diagonal
which means that the gauge interactions do not mix the flavours. However, by performing
the change of basis given in (4.28), these couplings are modified by this change of basis,
and the modifications is encoded in the Cabibbo-Kobayashi-Maskawa (CKM) matrix,

Vud Vus Vub
V=UlUs= | Vea Ves Vi | - (4.30)
Via Vis Vi

This matrix is a 3 X 3 complex unitary matrix, so it has 9 free parameters, 3 angles and 6
phases. However, many of these parameters can be eliminated by noting that there is still
a U(1)% global symmetry which corresponds to separate U(1)y rotations for each of the
six quarks,

d% — emjdi, ui — eiﬁjui7

dly — €' d%, why — ePiud,, (4.31)
where there is no summation over j.This would have eliminated all the 6 phases, however
if all the angles are equal o;j = (3, then V' does not change. Thus, the 5 phases can be
eliminated this way but overall phase is survived. In the end we are left with 3 angles, and

one phase.
The standard parametrization for the CKM matrix is

c12€13 512€13 s1ze”"
_ i i
V = | —s12c23 — c12523513€"  C12C23 — 512523513 s23c13 | » (4.32)

19 9
512823 — C12€23513€"°  —C12523 — S12C23513€"°  C€23C13

where ¢;; = cos0;; and s;; = sin6;;. The three phases {612, 623,613} are rotation angles in
the i¢j-flavour plane. The numerical values of the three angles and the phase are

sin 612 = 0.22500,
sin fp3 = 0.01482,
sin 613 = 0.00369,
§ = 1.144 + 0.027. (4.33)

If the CKM matrix were real, there would be no CP violation. Therefore, the phase §
measures the amount of CP violation.

In the mass basis

L= —% (@ Vigdi Wil + " ViuL W) (4.34)
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The CP transformation is

(CP)yL(t,x)(CP)™" = ¥ iny*yi (t, —x) (4.35)
(CP)[tiry"d;)(t,x)(CP) ™" = djryuuiL(t, —x), (4.36)
(CP)WE(t,x)(CP)™t = ~WF(t, —x). (4.37)
Then
(CP)[@in"VisdsL W] (¢, 2)(CP) ™
= Vi5(CP)[aiy*d;L)(t, =) (CP) " (CP)W I (t,z)(CP)~"
= Viildjoyuuir] (8, —x) =W (¢, —x)]. (4.38)
It implies
aryY*'VdiWwt o dpyRVRe W (4.39)

If V is real number,

Vi=Vy — (CP)L(tx)(CP)™ = L(t,—x). (4.40)

4.3 Strong CP violation

In the previous section, we have seen how to diagonalize the quark mass matrix, but we
haven’t talked about the consequences of this operation apart from the CKM matrix.
Notice that the transformations that we performed, in particular the ones in (4.28) are
chiral. In particular, their axial components are anomalous: the path-integral measure is
not invariant under axial rotations, so the Lagrangian is shifted by the chiral anomaly. In
this section, our goal is to compute the induced shift of the QCD 6 term that arises when
we diagonalize the quark mass matrix.

4.3.1 Chiral rotations with multiple generations

Consider the right-handed {t%} and left-handed {1} } Weyl fermions where i is the gen-
eration index. Now consider the chiral transformations

Yr — Ryp, v, — LY. (4.41)

In the component form
P = RIpL. b = LUyl (4.42)

Since L and R are unitary, each of them can be diagonalized by a unitary similarity

transformation. Then we can write

Yp — WrRWion, ¥, — WiLgWid,, (4.43)
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where Wgr and Wy, are unitary, Ry and L4 are unitary and diagonal matrices. Now perform
a change of basis,

W= Wi,  Pr=Whip (4.44)
In this basis, the chiral transformations in (4.41) act diagonally in generation space,
YR — R, WL —  Lal. (4.45)

One can easily find that the transformations do not mix the generations anymore. The
moral of the story is we can always go to a basis where a general chiral transformation
parametrized by L and R becomes diagonal. So by introducing the Dirac fermions

_ (¥
o, =", .
(1%) (4.46)

for each generation, we can write the transformation law as

. il; .
\I/,L» N (Ld)zz 0 \I/Z _ e 0 \IJZ — exp i ll 0
0 (Rd)ii 0 e 0 Ti

where (Lg)i; and (Rg)s are the i-th components of the Ly and R,; diagonal matrices, with

v;, (4.47)

l; and r; being real. We can write this transformation as

U, — exp (i%%) exp (z%)@], (4.48)
with
aj =rj —1j, Bj =rj+1j, (4.49)

This decomposition separates a vector-like phase rotation from an axial (chiral) rotation.
Since we are interested in the anomalous axial part, we can ignore the vector-like rotation
in what follows.

Using the single-flavor anomaly result (cf. (2.112)), the net shift from independent
axial rotations of all generations adds up,

2
9s a ASapy
AL = <§' :az-> S G G, (4.50)

The phase coefficient can be written as

Z ;= Z(m —1;) = arg [H emeili] = arg [det (LLRdﬂ = arg [det (LTR>] .(4.51)

i
Here we used (4.47), and the fact that det(WXWT) = det(X) for unitary W, so the

determinant is unchanged by the diagonalization in (4.43). Therefore we have found that
the chiral rotation modifies the Lagrangian by

AL = giﬁg Gzyéa’“’, 0, = arg [det (LTR)] eR. (4.52)
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4.3.2 Phase induced by the diagonalization of the quark mass matrix

We have seen that the Yukawa matrices can be expressed as (4.26)
ya = UMKl gy = UMK}, (4.53)

where My and M, are diagonal and real, and the matrices U, 4 and K, 4 are unitary.
Without loss of generality, we can also express them as

ya = UsMgUJK},  yu = UuML UK, (4.54)
where f(u,d are
1= UuK], Kt = UK. (4.55)
Then, the mass term in (4.24) takes the form

v
Emass = _ﬁ (dEyddR + u}yuuR) + h.c.
- (al UMUK d g + ol UMUK ug) + hee.. (4.56)

V2

In order to go to the mass basis, we need to perform a chiral rotation (only rotation
right-handed) given by

uy, — ur, dL — dL
dR — f{ddR, ur — f(uuR, (457)

and then a non-chiral rotation with
dL,R — UddL,Rv ur R — UuuL,R. (4.58)

The non-chiral rotation is not anomalous so it doesn’t modify the Lagrangian.

Chiral and vector rotation

Consider a Dirac fermion . Then

ar=Prq, ar=Prqa, Prr= ! 3F275‘ (4.59)
General transformations for flavor space act as
ar — La, qr — Rqg. (4.60)
The transformation (4.57) is
L=1, R=K. (4.61)

Define K = ¢4, with A is Hermitian in flavor space (and commuting with +5). Then

a — (Po+KPp)q= (P, +¢*Pg)q=c2e27q, (4.62)
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where we used
€27 = 712 Py + €2 Pp. (4.63)

This is a chiral transformation in flavor space.
Now consider the transformation (4.58). This transformation corresponding to

L=R=U. (4.64)
Then
qa — (UPL+UPr)q=U(PrL+ Pr)q="Uq. (4.65)

Since the above transformation contains no 7s, it is a non-chiral (vector-like) trans-
formation.

From the (4.51), the phase induced by the chiral rotations is corresponding to

Ku ur. r
) ( Kd) ) L,R (dL7R> ( )

Therefore, the chiral anomaly part is

0, = arg| det (L'R)] = arg| det (Ky) - det (Ku)] = arg| det (KqU;) - det (K, UT)]

[
= arg| det ( KdUT - det (KuUi)] + arg| det (MyM,)]
[

= arg[det (KMyUY) - det (K, M,U)]
= arg[det{ YdYu) T}]
= — arg[det(yqyu)],

where we have used the fact that the elements of My and M, are real and positive.

4.3.3 Physical § parameter

By using our recently derived result, we can write our final expression for the # term in

the QCD,

7 _
Lo = 329;2 G, G, 8=0gcp — 8, = bgcp + arg[ det (yayu)] (4.68)

Here 0gcp is the 6 parameter of QCD that comes from the 6 vacua and ¢, comes from the
diagonalization of the quark mass matrix. The significance of the € term is that it cannot
be removed by a chiral transformation. To see this explicitly we note that in QCD the
current associated to the chiral transformation is not conversed,

2

0, J" = 2mgdivsq + sg:r? Go, G, (4.69)
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The first term arises due to the non-zero quark mass, while the second term comes from
the chiral anomaly. Under a chiral rotation ¢ — €3¢, the § term shifts as

2cy gg
3272

ALy = — Ga, G, (4.70)

while the mass term becomes

2iays

—mgeqq — —mgyge q. (4.71)

Choosing a = /2 removes the 6 GG term from the Lagrangian, but then the same phase
reappears in the mass term,

—mgqq — — mq(jeﬁ%q = —mg cos 0 Gq — img sin 0 Gvsq. (4.72)

For this reason @ is a physical parameter: an axial rotation can shift the coefficient of
GG, but it simultaneously changes the phase of the quark mass term. Physical observables
depend only on the invariant combination = fqcp — argdet my,.

4.4 Strong CP Problem

We are now ready to state the Strong CP problem. The electric dipole moment of the
neutron is defined by the Hamiltonian,

H=—d,E-S. (4.73)

A non-zero dipole moment has not been measured by any experiment yet. The current
experimental limit is

|dn| < 1.8 x 10726 ecm. (4.74)
The most precise theoretical calculation for d,, based on the QCD sum rules is
dp =24 %1076 ecm. (4.75)

We see that the neutron electric dipole moment is proportional to the 6 parameter, hence
it should be physical. Comparing experimental result and theoretical calculation yields the
bound

1] < 10710 (4.76)

The question of why the dimensionless parameter 6 is so small is called the strong CP
problem.

A  Grassmann numbers

In this section we review Grassmann numbers, also known as anticommuting numbers or
Grassmann variables.
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A set of Grassmann numbers {6;}" ; obeys the anticommutation relations
{0;,0;} =60, + 60,0, =0, (A1)
but they commute under addition,
0;+6; =0;+0;. (A.2)

They generate the Grassmann algebra G over a field, which is usually taken to be C. This
algebra contains the additive identity 0 (so that §; +0 = 6;) and the multiplicative identity
1. We can multiply Grassmann elements by complex scalars, and the result is again an
element of G; in other words, G is a C-algebra.

Let us consider the simplest case with n = 1. Since 2 = 0, any polynomial (and more
generally any analytic function) of the Grassmann variable truncates after the linear term:

f(0)=a+b, abeC. (A.3)

In particular, any element of the Grassmann algebra can be written in the form (A.3).

In physics, Grassmann numbers are used to represent fermionic fields. Since path in-
tegrals over fermions must yield ordinary complex numbers, we define the Grassmann
integral as a linear map from G to C. We also want it to share basic properties of ordinary
integration, in particular linearity,

/d9 e £(0) + d g(6)] = c/de £(0) +d/deg(0), (A.4)

and invariance under a constant shift of the variable,

/da £(0) = /de FO+n), (A5)

where 7 is a Grassmann constant (independent of #). These requirements imply

/ o1 = 0. (A.6)

The remaining normalization is a convention; we choose

/d99 = 1. (A7)

In summary,

/d91:0, /deazl, (A.8)

which defines the Berezin integral.
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Derivation

Suppose the linearity (A.4) holds. Then, for f(0) = a + b0,

/def(9+n) = /d0 [a+b(6 +n)]

:/d9a+b/d99+b/d9n
:/d0a+b/d99—bn/d91, (A.9)

where we used that 7 anticommutes with df, so [ dfn = —n [ df 1. Shift invariance
demands [df f(6 +n) = [ d f(0), hence [df1 = 0. Therefore,

/ 40 £(0) = / d6 (a + b6) = b. (A.10)

We can generalize these definitions to n Grassmann variables. A general function
f({6;}) can be expanded as

1

ﬁdumeu U 9’in7 (All)

1
f({el}) =a+ bb; + ?Ciﬂzgila’b +oet

with implicit summation over repeated indices. Since the products of €’s are totally anti-
symmetric, the coefficients are antisymmetric as well. In particular,

dnzn = €j1-ip, d, d e C, (A12)

where €;,..;, is the Levi-Civita symbol with €j5.., = +1. The Berezin integral over n
variables is defined by extracting the coefficient of 0 - - - 6,,:

oy =, (A.13)
with the convention

40 = db,, - - - db;. (A.14)

One readily finds
/d@i 1=0, /d@i 0; = d5. (A.15)
Moreover, by antisymmetry,
Oi, - 0i, =€iyi, 01 On, (A.16)
so that

/dn9 92'1 tee 9% = €j1-ip /dn9 91 000 9n = €j1-dyy - (A17)
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Therefore,

1
[aoso) = o nind) [ 005 -0,
1
= — (€ d) €1y, = d, (A.18)

using €;,..4,, €y i, = nl.

Consider a change of variables from {6;} to {¢;} defined by

0; = X0}, (A.19)

where X is a matrix of complex numbers. Then the top component transforms as
€iroin (Xirjy - Xing) = (det X) €55, (A.20)

so the coefficient of 6 - - - 6, becomes d’ = (det X) d. Hence
/d"0 f({6;}) = d = (det X)™1d' = (det X)—l/dne’f({eg}). (A.21)

Equivalently, the Berezin measure transforms as d"0 = (det X)~'d"#’, i.e. the Jacobian
appears with the inverse determinant, in contrast to ordinary commuting variables.
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